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Three-dimensional stereoscopic

plots

Jurgen Symanzik*

Three-dimensional (3-d) stereoscopic plots allow human viewers to interpret
printed plots, plots shown on a computer screen, or plots projected to a wall as
realistic 3-d images. Our human perception of depth, that is, the third dimension,
works because of the fact that each of our eyes sees a slightly different image. When
these images are combined in the human brain, we interpret the result as a third
dimension that represents depth or distance. In 3-d stereoscopic plots, two slightly
different images are created and are presented to the two eyes of the viewer. When
done well, a realistic 3-d image is created in our brain. Various techniques exist to
create and present the two different images to the human viewer. In this article, we
will focus on techniques that have been used extensively in the field of statistics,
that is, freeviewing of side-by-side images and anaglyphs. Additional techniques
exist and will be presented in the context of Virtual Reality (VR) and CAVE envi-
ronments. © 2011 John Wiley & Sons, Inc. WIREs Comp Stat 2011 3 483-496 DOI: 10.1002/wics.189
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INTRODUCTION

Imost every human being has a plastic impression

of surrounding objects. Moreover, during our
lifetime, we learn to anticipate three dimensions even
if we only see two dimensions such as on drawings,
pictures, or photographs. However, this anticipation
does not replace real 3-d objects—especially if
we do not know what we are expected to see.
Therefore, techniques such as reliefs, drawings with
central perspectives, anaglyphs, and holograms were
developed to provide three dimensions without using
a solid model. A technique for this purpose can
be considered as optimal if it only requires two
dimensions, for example, paper, computer screen, or
a projection wall, and plots are easy and cheap to be
reproduced and transported.

Various techniques exist for the creation of 3-d
stereoscopic plots. According to the Collins English
Dictionary,! the adjective stereoscopic originates from
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physics and means (1) of, concerned with, or relating
to seeing space three-dimensionally as a result of
binocular disparity’ and ¢(2) of, relating to, or formed
by a stereoscope.’ Figure 1 shows two examples of 3-d
stereoscopic plots that make use of different viewing
techniques that are frequently used in statistics and
other sciences. Figure 1(a) shows an example of free-
viewing of side-by-side images that does not require
any additional hardware or tools. The human viewer
has to focus on a point far behind the paper or the
computer screen, and, eventually, the 3-d stereoscopic
plot will appear in our brain. Figure 1(b) shows the
same geometric object as Figure 1(a), but now as an
anaglyph image. Additional colored filter glasses are
needed to view this figure as a 3-d stereoscopic plot.
Ideally, a red filter glass that erases all red parts in
this figure should cover the left eye, and a green/cyan
filter glass that erases all green/cyan parts in this figure
should cover the right eye. In practice, perfectly match-
ing glasses may be hard to obtain. When glasses are
used that are not perfectly matching with the colors
used in the plot, one or two additional ghost images
may remain visible.

This article first summarizes the general human
3-d viewing experience. Next, main types of stereo-
scopic displays are introduced and an overview of the
use of such displays in various sciences is provided.
The main part of this article focuses on the use of 3-d
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Bild 1: Wirfel mit einbeschriebenem Oktaeder

FIGURE 1| Cube with inscribed octaeder, inspired by Abb. 295.1 in Ref 2: (a) Reconstructed for freeviewing of side-by-side images, and (b)
red—cyan anaglyphs. (Reprinted with permission from Ref 3)

stereoscopic displays, primarily freeviewing of side-  follows. A final discussion and an outlook on possible
by-side images and anaglyphs, in statistics. A summary  future developments for 3-d stereoscopic plots con-
of the required mathematical calculations that are  clude this article. This article extensively builds on,
needed to construct 3-d stereoscopic plots for view-  and extends, previous works by Symanzik,>~” Hering,®
ing on paper, computer screen, or a projection wall  and Wegman.”
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3-D VIEWING EXPERIENCE

Viewing of 3-d stereoscopic images can be best
described when it is compared with natural viewing.
The book by Mucke® is a good reference and can be
summarized as follows:

All points of a common plane perpendicular to
the viewing direction b, in Figure 2 points A, B, and C,
produce a congruent mapping within each of our eyes
(left: abe, right: abc). At our imaginary eye E, both
mappings can be shifted to cover each other. However,
a point P, here assumed to be in front of the plane,
causes mappings that appear at different positions in
the two eyes, that is, p between ¢ and b, but p between
b and a. This difference in location causes our brain to
see that P is not located in the ABC plane but in front
of it. The same holds for a point behind the plane.

Let us assume that we are drawing two partial
mappings such that each eye is able to see a different
image. Here, we assume that we are dealing with an
anaglyph image where colors red and green are used
in a single image on paper. We further assume that
the human viewer is wearing filter glasses where the
left glass is red and the right glass is green.

Now let us consider the situation in Figure 3. If
all colors have been selected adequately, then point
p of the red mapping is invisible for the left eye as
well as point p in the green mapping is invisible for
the right eye. However, when looking through the red
glass, the green point p appears black for the left eye.
Also, the red point p appears black for the right eye.

Thus, both eyes only see what they would see
if a real object would appear at position P. Hence,

Mappings at eyes

FIGURE 2| Natural viewing of a point P that is located in front of a
plane, compared to points A, B, and C that are located in a plane.
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FIGURE 3| Viewing experience for anaglyphs where red and green
filter glasses filter out what becomes invisible for each eye.

anaglyphs and similar stereoscopic display techniques
provide realistic 3-d images by only using additional
filter glasses.

However, human viewing is also affected by
some other factors that are different from natural
viewing when dealing with anaglyphs and similar
stereoscopic display techniques. Often, the inexperi-
enced onlooker quickly feels tired. But, fortunately,
the human brain is capable of learning how to best
see various 3-d stereoscopic images for a longer time
period. If colors of filter glasses and printed colors
for anaglyphs do not match exactly, the eyes retain a
ghost image that makes it harder to see the 3-d object
that is shown in the image.

TYPES OF STEREOSCOPIC DISPLAY
SYSTEMS

Hodges® provided an overview of different display
systems for stereoscopic images shown on a com-
puter screen or projected to a wall. Hodges’ Figure 4
has been republished and extended as Figure 4 in
this article. Of particular interest for this article are
time-parallel systems. Time-parallel/separate image
systems, especially head-mounted displays, are still
relatively expensive and the technique never gained a
widespread use, other than in gaming applications.
Time-parallel/separate image and time-multiplexed
techniques have the disadvantage that they are avail-
able only for computer screens or as projections to a
wall, but not as printed 3-d plots.

Most other time-parallel display systems are
available for paper, computer screens, or projections
to a wall. They have the advantage that the required
additional ‘hardware’, that is, the filter glasses, only
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Stereoscopic display systems
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Time—multiplexed Time—parallel
Electro—optical Mechanical Anaglyph Separate image Freeviewing Autostereogram
PLZT Liquid crystal Rotating Shutters Red-green Red—-cyan Split screen Head—-mounted
slitted Dual screen
tube

Active Passive

FIGURE 4| Types of stereoscopic display systems, motivated by Figure 4 in Ref 9, and further extended with additional stereoscopic display

systems.

costs a few cents—or they may not require any
additional hardware at all. As mentioned before, free-
viewing of side-by-side images and anaglyphs are the
most popular 3-d stereoscopic display techniques used
in statistics and many other sciences and therefore
form the central part of this article. Autostereograms
have been used in many leisure books since the mid-
1990s and will be briefly discussed at the end of this
article.

Time-multiplexed stereoscopic display systems,
described in more detail by Hodges,” play an
important role in modern stereoscopic applications,
including VR and 3-d movies. In such systems, two
fully colored alternating images are shown on a
computer monitor or screen at high frequency. With
additional hardware, that is, shutter glasses that are
synchronized with the computer monitor or screen,
the left image will be displayed only when the left
shutter glass is open and the right image will be
displayed only when the right shutter glass is open.
When this alternation of left-eye and right-eye images
is done at a high frequency, typically 120 Hz or above
(i.e., 60 left-eye views and 60 right-eye views), the
human brain will combine the left and right images
that are only partially visible into a 3-d, flicker-free
image. Initially, mechanical shutter glasses were used.
Those were later replaced by electro-optical shutter
systems. Shutter systems in the early 1980s were
based on lead lanthanum zirconate titanate (PLZT)
ceramic wafers. Around 19835, shutter systems based
on liquid crystal modulator (LCM) polarization were
introduced. In an active system, the shutter system is
contained in glasses worn by the viewer, whereas in
a passive system, a shutter is mounted on the front
of a screen and the viewer only has to wear polarized
glasses.
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GENERAL USE OF STEREOSCOPIC
DISPLAYS

The desire to capture and display the 3-d real world
in its entirety and not only as a two-dimensional (2-d)
projection dates back far into the Middle Ages where
two pictures on wood constructions have been drawn,
allowing each eye to view only one of these pictures.
Leonardo da Vinci was close to recognizing the princi-
ple of stereoscopic vision, but as Wheatstone'? pointed
out, da Vinci used a too simple geometric object, that
is, a sphere, rather than a more complicated geometric
object such as a cube that prohibited him to fully
understand the concept of stereoscopic viewing.

It was left to Wheatstone!® in 1838 to fully
discover stereoscopy and introduce a physical device,
the stereoscope, that would allow each human eye
to only see one image at a time. Both images (or
later photographs) had to be drawn or taken from a
slightly different angle, thus allowing the human brain
to combine the two separate images into a single 3-d
image. In the late 19th century, stereoscopic images
of landscapes and buildings that could be viewed via
a stereoscope became very popular.

Freeviewing of Side-by-Side Images

The easiest way to produce a 3-d image in the human
brain without using any viewing tools is via freeview-
ing, a technique where a person looks at two slightly
different images that are shown side-by-side, such as in
Figure 1(a). Several viewing techniques exist for such
images, that is, focusing on a point before or behind
the viewing plane. If the proper viewing technique and
viewing distance are used for a given set of side-by-side
images, the human brain combines the two separate
images into a single 3-d image. In addition, as each
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eye also sees the second image, two additional ghost
images remain visible.

Freeviewing of side-by-side images has been used
in a variety of sciences, such as in biochemistry,!!
crystallography,'? geology,!®> molecular biology,!
molecular modeling,'S and physics,'® to mention only
a few. These side-by-side images work for grayscale
as well as for colored images as can be seen in some
of these applications.

Anaglyphs

The word anaglyphs originates from the Greek word
anaglyphos. Its meaning is that an object is shaped
relief-like, that is, it has a nonflat surface. In science,
the term anaglyphs describes two projections of a
3-d figure that are looked at through filter glasses.
Common color choices for the two projections are
red—green for printed anaglyph images and red—cyan
for anaglyph images drawn on a computer screen.
Occasionally, red-blue and magenta—green are also
used as colors for anaglyph images. Ideally, the filter
glasses perfectly filter out one of the images and they
make the other image appear in a dark brown or
black color to the human viewer. The human brain
will combine these two separate images into a single
3-d stereoscopic image.

Various stores and online retailers sell the
required filter glasses, such as http://www.studio3d.
com/pages2/store_3d-glasses.html and http://www.
rainbowsymphonystore.com/3dglasses.html.  Single
units of plastic filter glasses typically sell for about
$1.00, whereas prices may go down to a few cents
per unit when a larger quantity of units is sold. A
web search for ‘anaglyph 3d glasses’ and some of the
sources listed in the ‘Online Sources for Stereoscopy
and Anaglyphs’ overview at the end of this article will
result in additional retailers of filter glasses.

The idea to represent the three dimensions of
the real world just on paper using anaglyphs was
first introduced in 1853. A German teacher, Wilhelm
Rollmann, initially described the effect of stereoscopic
graphics drawn in red and green colors that are looked
at with the naked eye,!” that is, what is now called
freeviewing of side-by-side images. Later the same
year, he described the effect of looking at such colored
pictures using filter glasses of corresponding colors.!$
Eventually, this work has been judged by Vuibert!®
and Rosch?? as the birth of anaglyphs. Independently
from Rollmann, the French teacher Joseph Charles
d’Almeida proposed in 1858 to use light of different
colors to produce anaglyphs.”?! However, the name
anaglyphs was only introduced in 1891 by the
French physicist and inventor Louis Arthur Ducos du
Hauron who patented a device for 3-d photography
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called an anaglyph.*? In 1901, Hering described the
construction of stereoscopic images via two projectors
where each projected one of the two parts of a red and
green anaglyph image.?® The book by Vuibert!® is one
of the earliest books that entirely deals with anaglyphs.

More than two decades later, Kohler et al. suc-
ceeded in printing anaglyphs of high quality.?* Their
so-called Plastoreoskop—Verfahren almost perfectly
prevented the remainder of an additional noise image.
The main application of anaglyphs at that epoch was
in geometry, see for example the work of Graf.>252¢

Works by Rellensmann,?’*%  Jung,>” and
Linhard?® dealt with early applications of anaglyphs
for mining and related applications. The Hungar-
ian Pal is credited with the distribution of anaglyphs
all over Europe in a variety of sciences. His books,
originally written in Hungarian, were translated in
a variety of languages, including, English, German,
Spanish, and Russian.3%-3? They contained anaglyphs
from fields such as geometry, mechanical engineer-
ing, architecture, chemistry, and spatial mathematical
problems. Also, the anaglyphs in Fejes Toth?? were
created by Pal.

The first textbook, according to its author, that
only dealt with anaglyphs was written by Mucke.?
In this book, applications for anaglyphs were given
for 10 subdisciplines within mathematics and natural
sciences. Two books by Mucke and Simon entirely
focused on anaglyphs for use in geometry.>*3 The
book by Schmidt is another book of high quality
anaglyphs dealing with the same topic.3¢

Architecture is an obvious field for the use
of anaglyphs. Probably one of the technically best
anaglyph pictures ever printed is Schwenkel’s drawing
of the buildings constructed for the 1972 Olympic
Games in Munich.3” During the 1960s, anaglyphs
were introduced to chemistry and appeared in several
textbooks.3%3° Anaglyphs have many potential uses
in cartography, biology, medicine, and for Computer
Aided Design (CAD) applications. One of the more
recent textbooks that contained anaglyphs was the
VR book by Vince.*°

The work of Burkhardt should be mentioned
here, too. His publications*!=*3 cover technical aspects
and problems of printed anaglyphs such as optimal
colors and best filter glasses. Recently, Ideses and
Yaroslavsky presented new methods how to improve
the visual appearance of anaglyphs.*+*5

STEREOSCOPIC DISPLAYS
FOR STATISTICAL GRAPHICS

In contrast to other sciences, freeviewing of side-
by-side stereoscopic images has rarely been used in

© 2011 John Wiley & Sons, Inc. 487
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statistics. A few exceptions are articles by Huber,*®
Henderson,*” and Section 6.1.1 of Sarkar’s book.*
All of these show 3-d scatterplots where the viewer
has to focus on a point behind the printed images.
In Section 1.4 of Scott’s book,* 3-d nested density
shell contours are displayed as freeviewing of side-by-
side stereoscopic images. Instead of such freeviewing
images, anaglyphs gained some wider popularity in
statistics.

PRIM-9 (Picturing, rotation, isolation, and
masking in up to nine dimensions)’®! is the land-
mark example of early dynamic statistical graphics.
Projections formed the fundamental part of the visual-
ization system and were complemented with isolation
and masking. A good explanation of the importance
of projection as a tool for visualizing structure in
high-dimensional data can be found in an article by
Furnas and Buja.’? Since the introduction of PRIM-9,
most interactive and dynamic statistical graphics have
been restricted to display at most two dimensions at a
time. However, there have been some approaches to
display statistical data in three or more dimensions.
Stereoscopic displays, in particular anaglyphs, have
been used extensively within statistics by Carr,’3=7
Littlefield,>3-**57 Nicholson,**>7 and Hall.’” These
articles provided construction details for 3-d stereo-
scopic displays and compared such displays with
other visualization techniques for low-dimensional
multivariate data sets (in three to five dimensions),
such as scatterplot matrices, rotations, slicing, and
ray glyph plots. One of the first implementations
of red-green anaglyphs in statistical software was
the ‘real-time rotation of 3-dimensional scatterplots’
in Mason Hypergraphics, developed by Bolorforoush
and Wegman.*®

Independent from the work of Carr, Wegman
et al., research on anaglyphs within statistics started
at the Statistics Department, University of Dortmund,
Germany, in 1988. The goal of this research was to
develop computer software to interactively animate
anaglyph images for multivariate statistical appli-
cations. Results of this research were published in
publications by Symanzik,>® Hering,®%¢° and von
der Weydt.>’

Initially, a PC program called Analyse was devel-
oped by Hering and von der Weydt in 1988/1989.
Next, a prototype of the program Anaglyphen 3D
was developed by Symanzik and Hering for Sun/Sparc
workstations using the XWindow/XView environ-
ment in 1990/1991. Finally, the program Anaglyphen
3D 2.0 was developed in 1992 and further extended
and tested on other hardware environments such as
DECstations and on IBM compatibles equipped with
the LINUX operating system.

488 © 2011 John Wiley & Sons, Inc.
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Figures 5 and 6 were created with the
Anaglyphen 3D 2.0 software. Figure 5 shows the den-
sity of a bivariate beta distribution with probability
density function (pdf)

wxm%ym%

1—x—yP!
C(p)T (2T (p3) (==,

f(xs y) =

where p1 >0, po >0, p3 >0, x>0, y>0, and
x +vy < 1. Here, p1 = p2 = p3 = 2 were chosen.

A well-known data set for visualizations of
multivariate data is the Iris data set, originally
introduced by Anderson in 1935.61 This data set
consists of four measurements (Sepal Length = SL,
Sepal Width = SW, Petal Length = PL, and Petal
Width = PW) for three different iris species (Setosa,
Versicolor, and Virginica). Figure 6 shows each of
four possible 3-d scatterplots of three variables that
can be created from the four variables of the Iris data
set. Observations from the three different iris species
are shown via different symbols.

Four-dimensional data sets such as the Iris data
set can be represented as four 3-d scatterplots. This
can be more informative than the six 2-d scatterplots
that are usually drawn for a four-dimensional data
set. If all operations such as highlighting, deleting
and marking of points, that can be performed on
2-d scatterplots, are available for 3-d scatterplots, this
will be a technique worthy of further consideration.
However, we should note that the number of different
3-d scatterplots increases with magnitude (5) whereas
only (5) different 2-d scatterplots exist when p is the
dimension of the data set.

Figures 1(b), 5, and 6 were produced with the
Hewlett—Packard pen plotter HP 7475A. Only a lim-
ited number of colors were available for the pens
which made it difficult to obtain matching filter
glasses. Often, one or two ghost images remained,
depending on the type of filter glasses being used.

Other than the major efforts by the previously
described research groups, the literature reveals only
little use of anaglyphs within statistics, although
statistical data sets and problems often are well suited
to be displayed using anaglyphs. The collection by
Wegman and DePriest®? was one of the rare sources
in statistics where anaglyphs were used in several
articles.’”¢3:6* Moreover, this collection seems to be
the first statistical reference where colored (red—green)
anaglyphs have been published in print: Banchoff®3
used anaglyphs to investigate geometric phenomena
in four and more dimensions that cluster around 2-d
surfaces. Carr et al.’’ used anaglyphs to display a
3-d shell and 3-d scatterplots, some of which were
extended by rays of different orientations and lengths
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Bild 3: Bivariate Beta-Verteilung

FIGURE 5| Density of a bivariate beta distribution shown as red—cyan anaglyphs. (Reprinted with permission from Ref 3)

Bild 7: Dreidimensionale Enhanced Scatterplot-Matrix des Iris-Datensatzes

FIGURE 6 | Matrix of 3-d scatterplots, showing each combination of three variables of the Iris data set as red—cyan anaglyphs. (Reprinted with
permission from Ref 3.) The Anaglyphen 3D 2.0 software did not support the creation of any axis labels.

to represent up to five dimensions in a plot. Gabriel
and Odoroff®* used anaglyphs to introduce 3-d
biplots, an extension of regular biplots,®> for model
diagnosis. Huber*® (p. 450) noticed the lack of good
3-d stereoscopic plots within statistics: ‘Statisticians

still lag behind other scientists in their use of stereo
pairs. An easily accessible example in molecular
biology is the “Stereo Supplement” to the textbook
by Dickerson and Geis (1969).%¢ Almost every other
issue of Science has articles with stereo illustrations;
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for a particularly nice enhanced dot-plot (in colors)
see Bash etal. (1983).° The statisticians’ efforts
(e.g., the plates in Wegman and DePriest 1986)%*
come late and pale in comparison.’ However, one
should note that Huber compared different methods
for 3-d stereoscopic plots. Ideses and Yaroslavsky, 44
(p. 273) stated: ‘Standard anaglyph based projection
of stereoscopic images, however, usually yields low
quality images characterized by ghosting effects and
loss of color perception.” Thus, the limitations of the
anaglyph images presented in Wegman and DePriest’s
book®? are structural, rather than procedural.
Recently, anaglyphs were introduced to R®’
by Cook,*%7" Wickham,®®7° Huang,®® Hofmann,”’
and Buja’® as components of the R packages tourr
and tourrGui.®®’% The grand tour, introduced by
Asimov and Buja,”"7? shows a viewer all possible

wires.wiley.com/compstats

projections from a high-dimensional space to a 2-d or
3-d space in a continuous sequence of projections. The
R commands display stereo from tourr and
gui_stereo from tourrGui result in a 3-d grand
tour where the individual projections are created
as red—cyan anaglyphs. Via the render command
below, 200 different projections from a 3-d grand
tour of the Iris data set were written to a pdf file:

render (iris[, 1:4], grand_tour(3),
display_stereo(blue = rgb(0, 0.91,
red = rgb(0.98, 0.052, 0)),
"pdf", "Iris_Tour_R.pdf", frames = 200)

0.89),

Figure 7 shows four different projections of the
Iris data set from this sequence of 200 projections.

The R package rgl”? supports freeviewing of
side-by-side images that can be rotated by mouse

FIGURE 7| Four different projections of the 3-d grand tour of the Iris data set, shown as red—cyan anaglyphs, were produced via the tourr
package in R. The abbreviations SL (Sepal Length), SW (Sepal Width), PL (Petal Length), and PW (Petal Width) are used in these plots to denote the

four variables of the Iris data set.

490 © 2011 John Wiley & Sons, Inc.

Volume 3, November/December 2011



® WiRes Computational Statistics

movements, anaglyphs, and random dot autostere-
ograms. This functionality is hidden and the under-
lying R code only becomes accessible after running
some demos in rgl (demo ("mouseCallbacks")
and demo ("stereo")).

Researchers at George Mason University, Fair-
fax, Virginia, stopped working with anaglyphs in the
late 1980s. Instead, these researchers were intrigued
by the possibility of using time-multiplexed stereo-
scopic displays to visualize more complex structures.
Tektronics made a stereoscopic monitor which used
a liquid crystal polarizing filter in front of the screen.
Coupled with polarizing glasses and driven by a Silicon
Graphics 4D-120/GTX workstation, it was possible
to produce true stereoscopic, full color images on
a workstation monitor as early as 1989. However,
while this was effective for a single observer, it was
not particularly useful as a collaborative environment.

Five major applications within statistics which
capitalized on stereoscopic displays have been devel-
oped at George Mason University. ExplorN included
stereoscopic rotating and scalable scatterplots ani-
mated with a grand tour. Mason Ridge included
stereoscopic density plots and density contours and
featured use of rendering and transparency to visualize
complex abstract functional surfaces. 3-D MRI used
stereoscopic displays, rendering, and transparency to
visualize solid voxel data such as Magnetic Reso-
nance Imaging (MRI), Positron Emission Tomography
(PET), and ultrasound data. Stereo SkyFly was an
adaptation of SGI software that allowed a flythrough
of an elevation database using texture mapping on the
triangulated surfaces derived from the elevation data.
The adaptation allowed not only a stereoscopic view,
but also real-time access to the elevation database.
CrystalVision was the most recent package in this
developmental software series and provided access to
many of the ExplorN features, but on a PC and UNIX
now. More details on several of these software pack-
ages and comparisons with other software packages
can be found in Section 10.4 of a book chapter on
interactive and dynamic graphics.”* Further research
related to 3-d stereoscopic plots in statistics was
conducted in VR environments at George Mason Uni-
versity and at Towa State University, Ames, Iowa, and
is described in separate articles on VR and the CAVE
environments.

MATHEMATICAL CALCULATIONS

Anaglyphs and other stereoscopic displays are con-
structed using two central projections onto the same
projection plane with two different Centers of Projec-
tions (COPs). This section summarizes mathematical
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Peojection plane:
screen or paper

3D object

left ~ Eye right

FIGURE 8| Model of two central projections.

calculations that can be found for example in Salmon
and Slater’s book.”* Similar mathematical summaries
can be found in various other books and overview
articles,%76,77

While standard central projections only require
one COP, anaglyphs require two. Assuming a 3-d
object is located between the eyes of the observer,
that is, the COPs Z; (left) and Z, (right), and the
projection plane, each point P of the object has to
be projected twice onto this plane (see Figure 8).
Drawing these projections using red and green colors
and looking through filter glasses of the corresponding
colors makes only one part of the image visible to each
eye. The human brain assembles a 3-d graphic from
these partial images as described in an earlier section.

For the required mathematical calculations, let
us assume spatial coordinates according to a right
hand Cartesian coordinate system where x increases
from left to right, y increases from front to back, and z
increases from bottom to top. First, let us only consider
the case of one COP: A projection beam starting at
Z =(0,—a,0) and perpendicular to the projection
plane intersects this plane in point O = (0,0,0).
The distance a > 0 is the so-called accommodation
distance.

A point E = (xs, 0, z5) in the projection plane has
to be determined for every point P = (xo, y0, 20) as the
intersection of the line running through the points Z
and P and the projection plane. To calculate E’s 2-d
screen or paper coordinates (x,yp), projections into
the xy and zy plane can be considered independently.
Figure 9 shows projections into the xy plane for points
P, Py, P>, and Pj.

We will use the notation | XY | to denote the
Euclidean distance between two points X and Y. Since

|PB| | ZB| | ZO |
=-—— _ &|EO|=|PB| ——
|ZO|©| |=I I|ZB|,
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Py
(0] Py E=(x,0, z)
B « P = (xo, Yo, 20)
Z=(0,-a 0)

FIGURE 9| Projection for a single COP.

Z=(-4,-a,0) z Z,=(4,-a0)
FIGURE 10| Projection for two COPs. Subscripts | and * relate to
the left eye, subscripts , and x relate to the right eye, and no subscript
and - relate to the imaginary central eye.

yo‘ia. By analogy, y, =

can be calculated as the projection into

it follows that x;, = x; = xq -
Rs =R0° yo[:-a
the zy plane.

Some extensions are required for two central
projections with COPs Z; and Z, (see Figure 10).
Assuming two of the three values, distance from
eyes d, accommodation distance a, and angle of

. d/2
convergence « are known, the relations tan § = %,

respectively @ = 2 arctan ‘{%2, provide the third value.
COPs for both eyes then are located at the points
Z;=(-%,-4,0)and Z, = (,-4,0).

Here
| 2,0 | ‘( d) a
EO; |=| PB; | ~251 | xo+ 2 ) - ,
|E,O; |=| l||ZlBl| 0t 3 ——
and
| Z,0, | d a
EO, |=PB, | ~2=2r L — |[xg-2). .
|E; O, |=| r |ZrBr| X0 ) Yo+a

492 © 2011 John Wiley & Sons, Inc.

wires.wiley.com/compstats

Therefore, it follows that

d a d
Xjp =\*0t 5 yota 2

X, = | X d a+d
A ) yo+a 2

The y coordinate remains
both COPs, that is, y;, =y, =¥y =20 yoia' This
holds because the vectorial decomposition of line
segments through points Z; and P, respectively Z,
and P, yields Az = z0 and Ay = yg + a, such that at
distance a the height i—ia is reached.

and

unchanged for

CONCLUSION

Three-dimensional stereoscopic plots have been intro-
duced to statistics nearly 30 years ago. However,
in contrast to many other sciences where such plots
are used to visualize natural 3-d phenomena, 3-d
stereoscopic plots in statistics rarely were used outside
universities or research labs.

Otherwise, since the mid-1990s, readers were
spending many hours of their time when trying to find
hidden 3-d objects in leisure books”8-82 where images
were created via computer-generated autostereograms
that look like random noise or colorful patterns at first,
but that reveal a 3-d image when applying a viewing
technique similar to the freeviewing of side-by-side
images.

In recent years, 3-d movies such as Awvatar
(http://www.avatarmovie.com/), Toy Story 3 (http://
disney.go.com/toystory/), and many more, listed at
http://www.3dmovielist.com/, fascinated millions of
spectators in movie theaters world wide.

With the introduction of 3-d television sets and
convergence of TVs and computer screens to one single
unit, the necessary hardware for 3-d stereoscopic plots
will become widely available—at home and at the
workplace.

Most importantly, with the addition of red—cyan
anaglyphs to R, the lingua franca of statistics,
thousands of statisticians and others who work with
R, will be enabled to work with 3-d stereoscopic
plots. It is likely that additional and advanced R
packages will be developed in the near future that
make extensive use of various techniques for 3-d
stereoscopic plots. Then, statisticians may start to
use 3-d stereoscopic plots as regularly as they use
ordinary 2-d scatterplots or bar charts these days.

Aside from 3-d scatterplots and 3-d tours,
cartographic maps, spatial statistics, time series, 3-d
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histograms, and growth curves are some additional
examples where 3-d stereoscopic plots might be use-
ful. Even more sophisticated applications such as the
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FURTHER READING

Cited Stereoscopic Software

Anaglyphen 3D & Anaglyphen 3D 2.0: Symanzik ] and Hering F. A UNIX package written in C for Sun/Sparc workstations
using the XWindows/XView environment (later extended for DECstations and IBM compatibles with LINUX as operating
system, for the display of 3—d point clouds and bivariate density functions, 1992. Source files and data sets can be obtained
from http://www.math.usu.edu/~symanzik/anaglyphs/READ_ME.

Analyse: Hering F, von der Weydt S. A PC program for anaglyphs in statistics, 1989.

CrystalVision: Wegman EJ, Luo Q, Fu X. Copyright (c) 2000, a commercial package for data visualization running on
PC’s and UNIX, based on ideas originally implemented in ExplorN, 2000. A demo version can be obtained from http://
crystalvision.galaxy.gmu.edu/.
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ExplorN: Carr DB, Luo Q, Wegman EJ, Shen J. Copyright (c) 1992, a UNIX package for Silicon Graphics workstations
incorporating scatterplot matrices, stereo ray glyph plots, parallel coordinates, and the d-dimensional grand tour, 1992.

Mason Hypergraphics: Wegman EJ, Bolorforoush M. A PASCAL program for IBM RT under the AIX operating system and
for MS-DOS machines, with red—green anaglyphs, considered to be the predecessor of Mason Ridge and ExplorN, 1988.

Mason Ridge: Luo Q, Wegman EJ. Copyright (c) 1990, 1991, a UNIX package for Silicon Graphics workstations for
two- and three-dimensional density rendering using stereoscopic displays, transparency and lighting models and for ridge
estimation, 1991.

Stereo SkyFly: Luo Q, Fu X. A UNIX package for Silicon Graphics Workstations and a Windows NT package allowing a
stereoscopic flythrough of an elevation database using texture mapping on triangulated surfaces, 1998.

3-D MRI: Luo Q, Wegman EJ. Copyright (c) 1993, a UNIX package for Silicon Graphics workstations for reconstructing
two-dimensional MRI slices into a three-dimensional voxel image with the capability of rendering iso-density contours in
transparent stereoscopic displays, 1993.

Online Sources for Stereoscopy and Anaglyphs

http://www.stereoscopy.com/: Various resources for stereoscopy, from reprints of historic articles over 3-d equipment to
numerous 3-d images.

http://3dlatinamerica.com/: Over 900 images from South America that can be viewed using red—cyan (or red-green) filter
glasses or via freeviewing of side-by-side images.

http://en.wikipedia.org/wiki/Stereoscopic: Source for stereoscopic images of all kinds, additional references, and additional
techniques not mentioned in this article.

http://www.precisionphotonics.com/3d-links.asp: An extensive collection of links for stereoscopic images, photography,
software, hardware, and so on.
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