Lecture 10
Empirical Probability Distributions

As before, let {X,,n > 1} be a sequence of independent identically distributed random
variables.

VYw € Q, X, (w) are observed values chosen from P or equivalently F, the probability distri-
bution function.

For each n and each w € Q, {X;(w),1 < j < n} are n real numbers which can be rear-
ranged in ascending order

called the order statistics.

Definition: Define F,(-,w) as follows

F.lzx,w)=0if x < Y1 (w)
Fo(z,w) = k if Vip(w) < < Yo (w)
n
Fo(z,w)=1if 2 > Y,,(w)

F,, is called the empirical distribution function.
Note that F),(-,w) is a random function.

Suppose
1 i Xj(w) <=z
[z, w) = { 0 if X;(w) > =.

I; is the indicator of whether X; < z or not.
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F, is a step function. Notice that nF),(x) just counts the # of observation less than or
equal to x.

nk,(z,w) = Z Ii(z,w).

But because the X are i.i.d.; and I;(z,w) depends only on X;(w), then I; are independent
also. Moreover, they are Bernouli random variables. That is

{ 1 with probability p = F(x)

L= 0 with probability ¢ =1 — F(z)

J

This is easy to see because

By the strong Law of large numbers

n

Fo(r,w) = % Z

J=1

=P[l;=1]-14+P[[; =0]-0=p=F(z) as.

Ij (ZE, w) - E[I] (ZL‘, w)]

Thus F,(z,w) "= F(zr) a.s.
This convergence is pointwise. Unfortunately we really want convergence to be uniform.
We want to make a global statement about the convergence.

F.(z,w) — F(z) a.s.

means for each z 3 a null set N(x) » P[N(z)] =0
Fo.(z,w) — F(z) Yw € Q\ N(z).

Clearly if we take the countable union of null sets they will still be a null set.

= for all x € () a countable set, e.g. rationals
= dNg 5 P(Ng) = 0 and
Fo(z,w) — F(z) Yw € Q\ Ny

cardinality
Because @) (rationals) are dense, each element of Ny corresponding to an z rational, it

follows that.
F.(z,w) — F(z)Vz € R and Yw € Q\ Ng
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Lemma: Let F,(z) and F(x) be right continuous distribution functions with @ being the
rationals and
J={x € R: F(z) has a jump at x}.

J is countable. Suppose

F.(x) — F(z)Vz € Q

and
F.(x) — F,(z—) — F(z) = F(z—) Yz € J

then F,(z) converges uniformly to F(z), x € R.
Proof: Note uniform convergence means given € > 03ny not dependent on x >

for n > ng, |F.(x) — F(z)| < eVz.

Alternatively for n > nyg
sup |Fu(x) — F(z)| <e.

—oo<r<oo B

Suppose that the convergence is not uniform.

= de > 0 and a sequence ny, of integers, n — oo and a sequence {X;} in R 3

Vk|F,, () — F(xg)] > € > 0.

Suppose zp — 00. = Jx > P X(w) <z]>1-0Vi <1
F, (z) - PX <z]>1-0.

also F(z) > 1—6.
= [Eny (2x) = F(zp)| < [Fo(2) = F(2)] <26

Choose ¢ < 3,
then )

This is contrary to assumption | F,, (zy)—F(xy)| > eVk. Hence x - oco. Similarly z;, - —oo.
Thus lim sup z; < 0o, say xg = lim sup x.

We can thus take a subsequence of xj, which we again relabel as xj >

T — Xo.



Suppose then 71,79 € Q 23171 < 19 < 79.

1. Consider xy T xp, xx < xg = 11 < T} eventually
e < Fy, (z) — F(y) < Fo(z0—) — F(r)
< Eyy(wo—) — Foy(20) + Fuy(r2) — F(r2) + F(r2) — F(r1)
Let £k — o0
e < F(xo—) — F(xg) + F(r2) — F(rg) + F(ry) — F(ry)
= F(zg—) — F(z) + F(r2) — F(r1)
Let ro | 2o, 1 T xo.
€ < F(xo—) — F(xg) + F(x9) — F(zo—) = 0.

This is contradiction.

2. Suppose then xp T xg, 11 < xp < xo eventually, but
€ < F(ag) — Fy (z) < Fxo—) — F, (r1)
< F(zo—) — F(r1) + F(r1) — F,, (1)
Let £k — o0
€ S F<I0—> — F(Tl) + F(Tl) — F(Tl)
= F(zo—) — F(r1)
Let 1 T To
¢ < F(zo—) — F(xo—) = 0. Again contradiction
3. Suppose x | xg, T > To, 71 < To < X < T9 eventually
€ < Fxy) — Fyy (zp) < F(ra) — Fo, (k)
< F(r2) = F(ri) + F(r1) — Fo, (r1) + Fy (wo—) — Fy ()

Let k — o0
ESF(T’Q)—F(T1)+F(T1)—F(T1>+F($0—)—F(l’0)

Let ro | xg, 1 T 0
e < F(ill'o) — F(l'o—) + F(l’o—) — F(LC()) =0

Again contradiction.



Last Case
4. Suppose xy | g, T > g = 11 < Tg < X < 9 event

€ < Foy(an) = F(ax) < Fo(r2) — Flao)

Let £ — o0
€§F<T2)—F(.CL'0)
Let T9 l )
€ < F(zg) — F(z9) =0
Contradiction.

Thus |F,, (zx) — F(zg)| > € > 0 Yk cannot bet true.
.. Convergence is uniform.

Theorem: Glivenko-Cantelli

sup |F,(z,w) — F(x)] — 0 a.s.

—oo<r<oo

Proof: Let J be the countable set of jumps of F. V& € J, define

1 Xjw)==

Then for x € J,

1 n
F.(z+,w) — F(z—,w) = - an(x,w)
j=1

= forz € J, IN(z) ow € Q\ N(z)
= F,(2+,w) — F(z—,w) — F(a+) — F(z—).

Let

xeQUJ
Then N; is a null set and if w € Q\ Ny, then
Fo(z+,w) — F(z—,w) = Fla+) — F(z—) Vz € J
and

F.(x) — F(z) Vz € Q.

By the Lemma
F,(x) — F(z) uniformly in x Yw € Q\ Ny
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ie.
sup |Fn(z) — F(z)| — 0 a.s.

—oo<xr<o0o

Characteristic Functions
Let X be a random variable on (€2, A, P), v be the induced probability measure, and F' the
corresponding probability distribution function

Y(t) = E [e"] = / X @ P(dw)

Q

= /Reml/(dx) = /_Z " dF (z)

is the characteristic function. Notice that () is a complex valued function of a real variable
t>

R(b(t)) = /Q cos(£X (w)) P(dw) — / " cos(tr)dF (x)
and
I((t)) :/Qsin(tX(w))P(dw) :/ sin(tx)dF(z).

1 is associated with v, F' not X.
1 is the Fourier-Stiettjes transform of v.

Properties of 1.

i) ()] = ' [ ewarw)| < [ eare)

—/_OodF(:v)—l—w(O).

(e 9]

Y(—t) = / Z TR (x) = / Z eI AR (x)

By )

[e.o]

ie. [(t)] <1 =1(0)

(=t) = (1)

i1) 1 is uniformly continuous in R.

Bt + ) — b(t) = / (¢ _ ) qp(q)
o [t + h) — (t)] < / el — 1|dF(z)
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_ / e _ 1]dF (z)

|eihx_ 1} S }eihl" + |1| —9

= fu(t+ ) - (o) < [ 24P () =2

eihx—1| — 0

By bounded convergence theorem

0<|Y(t+h)—y(t)] < hm/‘e”m 1| dF(z) — 0

But the L.h.s. does not involve ¢t = convergence is uniform in ¢.

ii1) If 1), is the characteristic function corresponding to X (Fly is distribution of X) then
Vaxso(t) = / X Py (1)
— eitb / e“(itX)dFX(x)
— eitb/ei(at)XdFX({E) _ eitwa(at)

iv) If {1,,n > 1} are characteristic functions, and \,, > 0 with

o0

Z A, = 1, then

n=1
(o)
Z Ay, is also a characteristic function.
n=1

If {v,,,n > 1} are the corresponding probability measures then ) A,v, is the measure cor-
responding to > A\, ¢,

Let ¥ =Y \by
and v = > A\,

:Z)\nwn Z)\ (/e undx))
=3 [ nntan) = [ S nnfaa) = [ etvia



v) If {;,1 < j < n} are characteristic functions then

n

ij is also a characteristic function
J=1

Let v; be the probability measure corresponding to ;. By previous theorem 3 indepen-
dent random variables X; corresponding to v;.

Let .
Sn - ZX]
j=1
E [eitSn] — B Heith]
=1
=11e[] =11w
j=1 J=1
Thus

n
H 1; is the characteristic function of S,.
j=1

Definition: The convolution of two probability distribution functions F1&F5 is the distri-
bution function

F(z) = / " Fi(x — y)dBy(y)

—00

written F' = Fj x F5.

Theorem: Let X; and X, be independent random variables with distribution functions

& Fs.
Then F; x F, is the distribution function of X; + Xs.
Proof: Show P(X; + X, < z) = (F} * F3)(x)

Define
. 1 T1 + X9 <z
I(ml’xZ)_{ 0 X1+ T2 >

P[Xl—FXQSQZ’]:/[(.’El,I'Q)dP
Q



— //RQ](:El,JZQ)V2(dZE17dIQ)
:/leg(dl’g)/RI(xLIQ)Vl(dxl)
:/Rw(dxg) /(_Oovw_m] vy (dry)
:/Ryg(dxg)Fl(x—xz)
_ /Rmx — 22)dFy(22) = (Fy * Fy) ()

Notice we could just as well written

//R (w1, 29)v*(dy, da)

:/Ryl(dxl)/RI(fEb@)W(dx?)

:/l/l(dl‘l)/ I/Q(dl‘g)
R (—o0,z—x1]

:/Rl/l(dm)Fg(iE—xl)

= / Fy(x — z1)dFy(x) = (Fy % Fy)(x)
R
= [ x Iy = Fyx F)
as we would want because X; + Xy = X5 + X

Corollary: The operation * is commutative and also associative.



