Coordinate Transformations

A coordinate transformation is a useful device
In ordinary geometry. The same idea can be
established in d-dimensional space. Consider
a point x=(r1,x9,...,x4) and a point
y= (Y1, ¥2, -, Yd)- Then a general
coordinate transformation is given by

d
vi= lLijz; +a, i=1,...,d.
j=1

This transformation translates the = coordinate
system with origin O to the y coordinate system
with origin at a = (a1,...,aq). The
transformation also rotates the axes by the
rotation matrix L = [l;;].

Consider only the rotation part of this
transformation

d
yi = > lijzj.
=1

If
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then the rotation is said to be orthogonal.

Actually it could also be said to be
orthonormal.

Since L =1[lij], L"=[lji]where the T
Indicates transpose. Then the orthogonality
condition becomes LL' = I, where the I is
the identity matrix. Thus LT = L~1. This also
implies 1 = |LL"| = |L||L"|.

Since |L| = |L'|, we have that |L|? =1. L1
IS also an orthogonal transform, so that L is
said to be biorthogonal. Notice if y= Lz,
thenz = L ly= LTy
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Polar Coordinates in d-Space

Polar coordinates can be generalized to d-
dimensions.

Recall for d = 2,

xr1 = 1 C0S(0)
xro = 1 Sin(0)

withr > 0,0 < 0 < 27 and ZC%+£C%:T2.

The Jacobian of this transformation is given by

7 ‘ O(z1,79) = cos(0) sin(0) .
~bore) I | —rsin(d) rcos(h) ‘
For d = 3,

xr1 = 1 C0S(f1)COS(bh) =1 c1c9
x9 = 17 C0S(01)Sin(f2) = r c152
x3 =1rSin(f1) =rs1
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where r >0, — 5 <601 <5, 0<6 <27 and

x%—l—az%—ka:%:rz

Here the Jacobian of the transformation is

C1C9 €159 S1
_ a?’gf’eﬁ?ﬁ” = | —rsjcg —rsysy rep | =ricos(fy).
’ — 71189 TC1C9 0

For the general d-dimensional case,
L1 =T C1C2 " -C4—2Cd—1
T2 =T C1C2 " -C4—15d—1
T3 =T C1C2 " +CJ—35]—2
Tj =T CL1C2 " -Cl—jSd—j+1
g =T S1
wherer > 0, — 5 <0y

—j =
d

O<0d1<2wanzg 2
j=1
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Here the Jacobian of the transformation is

Equation of a Flat

In d dimensions, the general equation of a
(d — 1)-flat is

a1y +agy2 + - +aqyq = k
where a1, a9, ...,ag and k are d + 1 constants.
There are (d — 1) degrees of freedom since if
Yi,...,Y4—1, then gy, Is determined. If this
(d — 1)-plane passes through d points with

coordinates x; = (r1, ©2i,...,%q),t=1,...,d,
then these points satisfy the d equations

a1x1; +agxo; + - +agrgy; =k, 1 =1,...,d.

That Is
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ra1 o xq1 1 0
r12 T2 - Tig 1 : =1 :

oia o v 1)\ k) o)

(5111 Y2 Yd 1\(3;\ [0

Since there are d + 1 non-zero constants, the
equation must satisfy

y1 Y2 o yg 1
r11 ®21 - xg1 1
r12 w22 - T2 1] =0. (2.8)
T1d Tod v Tdd 1

If [xij]is not of rank d, the points are not
linearly independent. This implies the (d — 1)-
plane is not uniquely determined.

51



Angles
Angle Between Any Two Lines

Any two Intersecting straight lines determine a
2-plane in which both lines lie. In that 2-plane,
there are two angles between the lines, say 6
and 180° — . There is one unique angle, say 6,
between 0° and 90° inclusive.

If two lines, say £1and L2, do not intersect, we
can choose a point on one, say L1, and draw a
line through that point which is parallel to the
second line £2. This defines an angle, 0, as
above which is independent of the point we
choose on £1. Thus we can define an angle
between any two lines in d-dimensional space.

Angle Between a Line and a (d — 1)-Flat
We can also determine an angle between a line

and a (d — 1)-flat. A general line in d-space is
given according to (2.2) by
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Y1 =21 Y222 Yd— %4

[1 [9 lq

where (x1, x2, ..., x4)is a fixed point on the line.
Hence a line parallel to it through the origin
would be

v_ % _  _ Y
[1 [9 lg

The [; are indeterminate in the sense that we
could rescale all by the same amount and not
change the line. Hence we may require

d
d» =1
1=1

Now consider a (d — 1)-plane given by y1 = a1.
This plane will meet the line in a point since
S1MNSa—1 = Sq—(a—1+1) = S0, & point.

l~a1

21 we know that Yj = jl—l

[ -

Now since & =
A ;

Specifically then the point will be
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ha  ljo ldﬂ)
s e

y=(y1,...,9d) = (ab

The distance of this point y from 0 is given by

d
[2
d 1202 ;J aQ
ly—0l% = 3 4t +af = o} 17 = 3.
j:Q 1 1 1

Alternatively, we may write

al

1 = —.
]|

Now recall from the theory of finite dimensional
vector spaces, the dot product of two vectors,
say z and y has the equation z -y = ||z|| |||
cos(f), where 6 is the angle between the two
vectors.

In particular if xz=e; =(1,0,...,0), then
el -y = a1 = ||y||cos(f). Solving for cos(6)
yields



Thus [1 has the interpretation of a cosine of the

angle between the line, ¥ =32 =... =74
b — Iy lq

through the origin and the (d — 1)-plane given
by y1 = a1. For this reason, the [; are called
the direction cosines. Notice if all the direction
cosines are equal, say to [, then

55



d
_21z§:d12:1;»12:§;»zz
1=

S

as before in Example 1.2.

Proposition 2.1 The orthogonal projection of

a point z=(r1,x9,...,7r4) oOnto a line,
d
Y1 Y2 0 Yd o i .y
L.ll =p=--=7lsa distance Z:llzazz from
1=
the origin 0.

Proof: Exercise for the student.

Proposition 2.2 If a second line has direction
cosines [, then ¢is the angle between the two

d
lines where cos(¢) =>_I;l;. The lines are
i=1

d
orthogonal if " 1;l; = 0.
i=1

Proof: Exercise for the student.
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Now consider a (d — 1)-flat which is assumed to
go through the origin. If so it must have the

d

equation Y a;y; = 0. A line through the origin
i=1

will have the form

vy W

iy F

or,ingeneral, y; = pl;, i =1,...,d.

The line will lie on the plane if and only if
d
Zaiyi = Zaz‘p l; = 0.
i=1 i=1
Since p # 0 except in the trivial case, the line

d
will lie in the plane if and only if ) a;l; = 0.
i=1
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d
Thus we know > a;l; = 0.
i=1

Now consider a line whose direction cosines
are proportional to a;. If so then l;; = ka;, and

d u
we have ) %li = (0. Since k # 0 except in the
i=1

d

trivial case, le;;li = 0. It follows immediately
1=

from Proposition 2.2 that a line with direction

cosines proportional to the a; will be orthogonal

to any line in the (d — 1)-flat.

d
Proposition 2.3 If ) l;y; = p is the equation
i=1
of an arbitrary (d — 1)-flat, then the ['s are the
direction cosines of the normal and p is the
length of the perpendicular from the origin to

the flat.
Proof: The first part of this result follows from

our discussion just above. The second part
follows from Proposition 2.1.
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Angle between two (d — 1)-flats

The angle between a (d — 1)-flat and a line is
the compliment of the angle between the line
and the normal to the (d — 1)-flat. The angle
between two (d — 1)-flats is defined as the

d
angle between their normals. Thus if > ly; =
i=1
d
and Y liy; = p/, then
i=1
d d
cos(p) = D il = ¢ = arccos( lilé).
i=1 i=1

Angles between Other Flats

We have now discussed angles between S
and S;_1. However, for flats of other
dimensions, there are in general more than one
angle between them. For example, in S,
consider two 2-planes. They have a common
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point. If one plane is fixed, the other may vary
In a doubly infinite number of ways. Two
additional points or, equivalently, two additional
angles are required to fix Iit.

Consider S, defined by

ailyi+'°'+aidyd207i: 1,2,---7]9-

Let A be the p x d matrix of coefficients a;; and
Y the d x 1column vector of y's. Then
AY =0.

Suppose S, goes through the origin. If L is

a column vector representing a line in this
d d

plane, since > a;jlj=0 and » I5=1, we
i=1 i=1

have AL =0and LTL = 1.

Similarly for a second space, S;—,, we have

BM = 0and MTM = 1 where M represents
a line with direction cosines m;. Here B has
the obvious interpretation analogous to A.
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The angle between the line in one space and
the line in the other is ¢ where

cos(¢) = LT M = MTL =R.

Since the angle is maximized when R is
minimized, we want to find minimum values of
R subject to AL =0, LTL =1, BM = 0,
MTM=1.

We use some ideas from the calculus of
variations. We construct Lagrange multipliers
A1, A2, a1 and as. A11s a 1 x pvector and Ao
IS a 1 x gvector. Thus we wish to optimize
(minimize)

LTM — M\ AL — 2\oBM — oy (LTL — 1) — ay(MT M — 1).
(2.9)
Differentiating (2.9) by [; and by m; respectively

yields

MY —_2iA—20LY =0  (2.10)
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and

LT —XoaB—20oMT =0. (2.11)

Post multiply (2.10) by L to yield

MTL - MAL —20qLTL =0
MTL — 201 =0
or

200 = MTL = R.

Similarly, post multiplying (2.11) by M vyields
LTM — XaBM — 200 MTM =0
LTM — 209 =0

or
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200 = LM = R.

Thus

—2MA=20 LT — MT = RLT — MT (2.12)

and

—XoB=2aoMY — LT = rMT — LT (2.13)

Post multiply (2.12) by AT to obtain
—MAAT = RLTAT _ pMT AT
ButAL=0= LTAT — 0 =

—nAAT = —MTAT (214

Similarly post multiplying (2.12) by BT yields

—\nABT = RLTBT. (2.15)
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Finally post multiplying (2.13) by B” and by
AT yields

— XBBT = —LTBT (2.16)
and
— XoBAT = RMT AT (2.17)

Solving (2.15) and (2.16) simultaneously and
(2.14) and (2.17) simultaneously yields

RAMAAT + XoBAT =0
and

A1 BAT + RA2BBT = 0.
Aispxd, ATisd x pand AAT is p x p.

Since (AAT)T = AAT AAT is symmetric call
itU.

Similarly B is ¢x d, AT is dx p, BAT s
gxp.calitV.



Finally, BBT is ¢ x ¢ and symmetric, call it W.
Thus we have

RMU + 22V =0 and M1 VT + RAaW = 0.(2.18)

Assuming p<gq, we can solve these
simultaneously to yield

RPxMU -\ VIw1lv =0
or in determinant form
RU - vITw1ly| =o.

This is a p x p determinant in R2. Solutions for
angles are positive and there are p of them.
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Example (Numerical) 2.7 Consider S, and
two planes given as follows.

Plane 1 (52) y1 +7y2o+y3 =0
ys =0

Plane 2 (alsoan S2) y1+y2 =0

ys +ys =0
1 7 1 0 1 1 0 0
ThenAz(0 0 0 1) andB:<O 0 1 1).
1 0
1 7 1 0 7 0 51 O
_ T _ _
U=A4 _(0001) 1 0 _(0 1)
0 1
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“(0 1)

OO = =
—_— O O

1 1
32(51 0)_(322 2)‘_0
o 1)Uy )l

Thus we have

51R? — 323

1 2 1
5 R
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(51R? — 32.5)(R?>— .5)— .25 =0
51RY —32.5R? —25.5R% +16.25 — .25 = ()
51R* —58R2+16 =0

(17TR*> —8)(3R*—2) =0
8 2
R= +,/{- 0orR= i\/;.

This corresponds to angles
6 = 46.686° and 133.313° (these sum to 180°)
and

0 = 35.264° and 144.735° (these also sum to
180°).
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