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Coordinate Transformations

A coordinate transformation is a useful device
in ordinary geometry.  The same idea can be
established in -dimensional space.  Consider.
a point  and a pointB œ ÐB ß B ßá ß B Ñ" # .
C œ ÐC ß C ßá ß C ÑÞ" # .   Then a general
coordinate transformation is given by

C œ 6 B � + ß 3 œ "ßá ß .Þ3 34 4 3
4œ"

.!   

This transformation  the  coordinatetranslates B
system with origin to the  coordinate system! C
with origin at The+ œ Ð+ ßá ß + ÑÞ" .
transformation also  the axes by therotates
rotation matrixP œ Þ6c d34
Consider only the rotation part of this
transformation

C œ 6 B3 34 4
4œ"

.!  .

If



47

! œ
4œ"

.
34 45 6 6 œ

"ß 3 œ 5
!ß 3 Á 5

then the rotation is said to be orthogonal.

Actually it could also be said to be
orthonormal.

Since , where the P Pœ œ6 6c d c d34 43T T
indicates transpose.  Then the orthogonality
condition becomes where the isPP M MT œ ,  
the identity matrix.  Thus This alsoP œ PT �"Þ
implies " œ l l l ll lÞPP œ P PT T

Since , we have that  l l l l l l œ "ÞP œ P P PT  # �"

is also an orthogonal transform, so that isP 
said to be .  Notice if biorthogonal C œ PBß
then .B œ P C œ P C�" T



48

Polar Coordinates in -Space.

Polar coordinates can be generalized to -.
dimensions.

Recall for ,. œ #

B œ < Ð Ñ" cos )
B œ < Ð Ñ# sin )

with ,  and <   ! ! Ÿ Ÿ # B � B œ < Þ) 1 # # #
" #

The Jacobian of this transformation is given by

N œ œ œ <Þ
Ð Ñ Ð Ñ

� < Ð Ñ < Ð Ñ
¸ ¸ º º`ÐB ßB Ñ
`Ð<ß Ñ
" #
)

cos sin
sin cos
) )
) )

For . œ $,

B œ < Ð Ñ Ð Ñ œ < - -" " # " #cos cos) )
B œ < Ð Ñ Ð Ñ œ < - =# " # " #cos sin) )

B œ < Ð Ñ œ < =$ " "sin )
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where   and<   !ß � Ÿ Ÿ ß ! Ÿ Ÿ #1 1
# #" #) ) 1

B � B � B œ < Þ# # # #
" # $

Here the Jacobian of the transformation is

N œ œ œ < Ð ÑÞ
- - - = =
� < = - � < = = < -
� < - = < - - !

¸ ¸
â ââ ââ ââ ââ ââ â

`ÐB ßB ßB Ñ
`Ð<ß ß Ñ

" # " # "
" # " # "
" # " #

#
"

" # $
" #) ) cos )

For the general -dimensional case,.

B œ < - - â- -" " # .�# .�"
B œ < - - â- =# " # .�" .�"
B œ < - - â- =$ " # .�$ .�#

ã
B œ < - - â- =4 " # .�4 .�4�"

ã
B œ < =. "

where <   !ß � Ÿ Ÿ ß 4 œ #ßá ß . � "ß1 1
# #.�4)

! Ÿ Ÿ # B œ < Þ) 1.�"
4œ"

.
# #
4 and !
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Here the Jacobian of the transformation is

N œ œ < - - â- Þ¸ ¸`ÐB ßB ßá B Ñ
`Ð<ß ß ßáß Ñ

.�" .�# .�$
" # .�#

" # .
" # .�"

,
) ) )

Equation of a Flat

In  dimensions, the general equation of a.
Ð. � "Ñ-flat is

+ C � + C �â� + C œ 5" " # # . .

where  and  are  constants.+ ß + ßá ß + 5 . � "" # .

There are  degrees of freedom since ifÐ. � "Ñ
C ßá ß C ß C" .�" . then  is determined.  If this
Ð. � "Ñ .-plane passes through  points with
coordinates ,B3 œ ÐB ß B ßá ß B Ñß 3 œ "ßá ß ."3 #3 .3
then these points satisfy the  equations.

+ B � + B �â� + B œ 5ß 3 œ "ßá ß .Þ" "3 # #3 . .3

That is
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Î ÑÎ Ñ Î ÑÐ ÓÐ Ó Ð ÓÐ ÓÐ Ó Ð ÓÐ ÓÐ Ó Ð ÓÐ ÓÐ Ó Ð Ó
Ï ÒÏ Ò Ï Ò

C C â C " + !
B B â B " + !
B B â B " ã ã
ã ã ã ã + !
B B â B " � 5 !

œ Þ

" # ".
"" #" #."
"# ## .#

". #. ..
.

Since there are non-zero constants, the. � "
equation must satisfy

â ââ ââ ââ ââ ââ ââ ââ ââ ââ â

C C â C "
B B â B "
B B â B "
ã ã ã ã
B B â B "

œ !Þ

" # .
"" #" ."
"# ## .#

". #. ..

(2.8)

If is not of rank , the points are notc dB .34
linearly independent.  This implies the -Ð. � "Ñ
plane is not uniquely determined.
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Angles

Angle Between Any Two Lines

Any two intersecting straight lines determine a
2-plane in which both lines lie.  In that 2-plane,
there are two angles between the lines, say )
and ° There is one unique angle, say ,")! � Þ) )
between 0° and 90° inclusive.

If two lines, say and , do not intersect, we_ _" #
can choose a point on one, say , and draw a_"
line through that point which is parallel to the
second line .  This defines an angle, , as_ )#
above which is independent of the point we
choose on .  Thus we can define an angle_"
between any two lines in -dimensional space..

Angle Between a Line and a -FlatÐ. � "Ñ

We can also determine an angle between a line
and a -flat.  A general line in -space isÐ. � "Ñ .
given according to (2.2) by
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C � B C � B C � B
6 6 6

œ œ â œ" " # #

" #

. .

.

where is a fixed point on the line.ÐB ß B ßá ß B Ñ" # .
Hence a line parallel to it through the origin
would be

C C C
6 6 6
œ œ â œ" #

" #

.

.
.

The  are indeterminate in the sense that we63
could rescale all by the same amount and not
change the line.  Hence we may require

"
3œ"

.
#
36 œ "Þ

Now consider a -plane given by Ð. � "Ñ C œ + Þ" "
This plane will meet the line in a point  since
W ∩ W œ W œ W" !.�" .�Ð.�"�"Ñ , a point.

Now since , we know that +
6 6 6

C 6 +
4"

" 4 "
4 4 "œ C œ Þ

Specifically then the point will be
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C œ ÐC ßá ß C Ñ œ + ß ßá ß ßá ß
6 + 6 +
6 6 6

6 +
" ".

# " "

" " "

4 " .Š ‹
Þ

The distance of this point  from is given byC !

 m m œ � + œ + œ ÞC� ! # # #

4œ#

. 6 +
6 6 6" "

6
+! # #

4 "
# # #
" " "

4œ"

.
#
4 #

"

!

Alternatively, we may write

6 œ Þ
+
m m"
"
C

Now recall from the theory of finite dimensional
vector spaces, the dot product of two vectors,
say  and  has the equation B C B † C B Cœ m m m m
cos where  is the angle between the twoÐ Ñß) )
vectors.

In particular if B œ œ Ð"ß !ßá ß !Ñß/" then
/ † C C" "œ + œ m m Ð ÑÞ Ð Ñcos Solving for cos) )
yields
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cosÐ Ñ œ œ 6 Þ
+
m m

) "
"C

Thus  has the interpretation of a cosine of the6"
angle between the line, C C C

6 6 6
" # .
" # .
œ œ â œ ,

through the origin and the -plane givenÐ. � "Ñ
by For this reason, the  are calledC œ + Þ 6" " 4
the  Notice if all the directiondirection cosines. 
cosines are equal, say to , then6
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!
3œ"

.
# # #
3

" "
. .

6 œ . 6 œ " Ê 6 œ Ê 6 œ È
as before in Example 1.2.

Proposition 2.1  The orthogonal projection of
a point  onto a line,B œ ÐB ß B ßá ß B Ñ" # .

_:  is a distance  fromC C C
6 6 6

3œ"

.
3 3" # .

" # .
œ œ â œ 6 B!

the origin !Þ

Proof:  Exercise for the student.

Proposition 2.2  If a second line has direction
cosines then is the angle between the two6 ßw3 9

lines where cos The lines areÐ Ñ œ 6 6 Þ9 !
3œ"

.
3 3
w

orthogonal if  !
3œ"

.
3 3
w6 6 œ !Þ

Proof:  Exercise for the student.
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Now consider a -flat which is assumed toÐ. � "Ñ
go through the origin.  If so it must have the

equation   A line through the origin!
3œ"

.
3 3+ C œ !Þ

will have the form

C C C
6 6 6
œ œ â œ œ" #

" #

.

.
3

or, in general, C œ 6 ß 3 œ "ßá ß .Þ3 33

The line will lie on the plane if and only if

 " "
3œ" 3œ"

. .

3 3 3 3+ C œ + 6 œ !Þ3

Since  except in the trivial case, the line3 Á !

will lie in the plane if and only if  .!
3œ"

.
3 3+ 6 œ !
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Thus we know !
3œ"

.
3 3+ 6 œ !Þ

Now consider a line whose direction cosines
are proportional to  If so then and+ Þ 6 œ 5+ ß3 33

w

we have   Since except in the!
3œ"

. 6
5 3
3
w
6 œ !Þ 5 Á !

trivial case, It follows immediately!
3œ"

.
3
w
36 6 œ !Þ

from Proposition 2.2 that a line with direction
cosines proportional to the  will be orthogonal+3
to any line in the )-flat.Ð. � "

Proposition 2.3  If  is the equation!
3œ"

.
3 36 C œ :

of an arbitrary -flat, then the 's are theÐ. � "Ñ 6
direction cosines of the normal and  is the:
length of the perpendicular from the origin to
the flat.

Proof:  The first part of this result follows from
our discussion just above.  The second part
follows from Proposition 2.1.
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Angle between two -flatsÐ. � "Ñ

The angle between a -flat and a line isÐ. � "Ñ
the compliment of the angle between the line
and the normal to the -flat.  The angleÐ. � "Ñ
between two -flats is defined as theÐ. � "Ñ

angle between their normals.  Thus if !
3œ"

.
3 36 C œ :

and , then!
3œ"

.
3
w w
36 C œ :

cosÐ Ñ œ 6 6 Ê œ +<--9= 6 6 Þ9 9! !Š ‹
3œ" 3œ"

. .
3 33 3
w w

Angles between Other Flats

We have now discussed angles between W"
and .  However, for flats of otherW.�"
dimensions, there are in general more than one
angle between them.  For example, in W%
consider two 2-planes.  They have a common
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point.  If one plane is fixed, the other may vary
in a doubly infinite number of ways.  Two
additional points or, equivalently, two additional
angles are required to fix it.

Consider  defined byW.�:

+ C �â� + C œ !ß 3 œ "ß #ßá ß :Þ3" 3 3. .

Let  be the  matrix of coefficients  andE : ‚ . +34
]  the column vector of 's.  Then. ‚ " C
E] !œ .

Suppose  goes through the origin.  If  isW.�: P
a column vector representing a line in this

plane, since  and , we! !
3œ" 3œ"

. .
34 4 4

#+ 6 œ ! 6 œ "

have and EP œ ! P P œ "ÞX

Similarly for a second space, we haveW ß.�;
FQ œ ! and  where  representsQ Q œ " QX

a line with direction cosines .  Here 73 F has
the obvious interpretation analogous to .E
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The angle between the line in one space and
the line in the other is  where9

cosÐ Ñ œ VÞ9 P Q œ Q P œX X

Since the angle is maximized when  isV
minimized, we want to find minimum values of
V subject to EP œ !ß P P œ "ß FQ œ !ßX

Q Q œ "ÞX

We use some ideas from the calculus of
variations.  We construct Lagrange multipliers
- - - -" # " #ß ß α α" # and is a vector and Þ " ‚ :
is a vector.  Thus we wish to optimize" ‚ ;
(minimize)

P Q � EP� FQ � P P� " � Q Q� "X X X
" #- - α α" #Ð Ñ Ð ÑÞ

(2.9)

Differentiating (2.9) by and by  respectively6 73 3
yields

Q � E� PX X
"- # œ !α" (2.10)
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and

P � F � QX X
#- # œ !Þα# (2.11)

Post multiply (2.10) by  to yieldP

Q P� EP� P PX X
"- # œ !α"

Q P�X # œ !α"

or

# œ œ Vα" Q P ÞX

Similarly, post multiplying (2.11) by yieldsQ

P Q � FQ � Q QX X
#- # œ !α#

P Q �X # œ !α#

or
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# œ œ VÞα# P QX

Thus

� E œ P �Q œ P �Q-" X X X X# Vα" (2.12)

and

� Fœ Q �P Q �P-# X X X X# œ Vα# (2.13)

Post multiply (2.12) by to obtainEX

� E œ P �Q-" X X E E EX X XV

But EP œ ! PÊ XE œ ! ÊX

� E œ �Q-" X E EX X (2.14)

Similarly post multiplying (2.12) by yieldsFX

� EF œ P F-" X X XV . (2.15)
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Finally post multiplying (2.13) by  FX  and by
EX  yields

� F �P F-# X XFX œ (2.16)

and

� F Q-# XE EX Xœ V (2.17)

Solving (2.15) and (2.16) simultaneously and
(2.14) and (2.17) simultaneously yields

V- -" #EE FEX X� œ !

and

- -" #
XFE F�V FX œ !Þ

E E E  is is  and is : ‚ .ß . ‚ : : ‚ :ÞX XE

Since (  is symmetric callE E EE E EX X X X) œ ß
it YÞ

Similarly F E FE is  is  is; ‚ .ß . ‚ :ßX X

; ‚ :. call it .Z
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Finally, FF [X  is  and symmetric, call it ; ‚ ; .

Thus we have

V � œ ! � V œ !- - - -" # " #
XY Z Z [and . (2.18)

Assuming  we can solve these: � ;ß
simultaneously to yield

V � œ#- -" "
X �"Y Z [ Z !

or in determinant form

¹ ¹V � œ#Y Z [ ZX �" 0.

This is a  determinant in .  Solutions for: ‚ : V#

angles are positive and there are  of them.:
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Example (Numerical) 2.7  Consider andW%  
two planes given as follows.

 Plane 1 ( )    W C � (C � C œ !# " # $
       C œ !%

 Plane 2 (also an ) W C � C œ !# " #
       C � C œ !$ %

Then  andE Fœ œ Þ
" ( " ! " " ! !
! ! ! " ! ! " "Œ � Œ �

Y œ EE œX Œ � Œ �
Î ÑÐ ÓÐ ÓÏ Ò

" ( " ! ( ! &" !
! ! ! " " ! ! "

" !

! "

œ

[ œ FFX œ œ
" " ! ! " ! # !
! ! " " ! " ! #

" !

! "

Œ � Œ �
Î ÑÐ ÓÐ ÓÏ Ò

[�" œ
!

!� �"
#

"
#
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and

Z œ EF œX X Œ � Œ �
Î ÑÐ ÓÐ ÓÏ Ò

" ( " ! " ! ) "
! ! ! " ! " ! "

" !

! "

œ

Thus

» � � »Œ � Œ � Œ �V � œ
&" ! ) " ) !
! " ! " " "

!
!

# #
"

"
#

!Þ

» � �»Œ �V � œ !Þ
&" !
! "

$## # #
" "

" "
# #

Thus we have

» »&"V � $#
V �

œ !
# " "

# #
" "
# #

#
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Ð&"V � $#Þ&ÑÐV � Þ&Ñ � Þ#& œ !# #

&"V � $#Þ&V � #&Þ&V � "'Þ#& � Þ#& œ !% # #

&"V � &)V � "' œ !% #

Ð"(V � )ÑÐ$V � #Ñ œ !# #

V œ „ V œ „ ÞÉ É) #
"( $or 

This corresponds to angles

) œ %'Þ')' "$$Þ$"$° and °  (these sum to 180°)

and

) œ $&Þ#'%° and 144.735° (these also sum to
180°).


