Measure Theory and Linear Spaces

Problem Set 6

. Let (2,3, u) be a measure space and F be the class of a.e. finite-valued measurable
functions on Q. If f,,, f, fo € F and for n > 1 with f, < fy a.e. and f,, — f a.e. as
n — oo, then f < fy a.e. Moreover, if the measure space is complete and each f,, is
measurable, then so is f. Further, if f = g a.e., then f, — g a.e.

. Let (2,2, Q), u(Q) < oo, be a measure space, and f,,, f, n > 1, be a.e. finite measurable
functions on Q. Then f, — f a.e. = f, & f, and f, = f = f, A f-Iff=cae,a

constant, then f, D= f, 2 ¢ also, so that the last two are equivalent if and only if
f is a constant.

. Let u be an outer measure on €2, and f; : 2 — R+, 1 = 1,2 be a pair of functions. Then
prove the following:

(a) 0 < fi < fy ae. #nggfldugfgfgd,ugoo, and 0 < f; = a- fy a.e.
= Jo fidp=a- [ fodp (0 < a < 00).

(b) f=xa, ACQ= [, fdu=p(A); for f >0, [ fdu=0iff f=0ae.

(¢) If 0 < f and [, fdu < oo, then {w : f(w) > 0} C oo, A, with pu(A4) < oo

for each n > 1. If moreover f is not pu-measurable, then each A, can be chosen
p-measurable so that the support of f is contained in a o-finite y-measurable set.

(d) Iff*ﬁur: f+f—* J{_ : @ — R is a function and [ fdu is defined then [ fdu =
dp — ~du, and
Q0 Q ,

/| fdu’ < [idn< [ st [

(e) For any f: Q — R, | [ fdu| < oo iff [} |f|dp < oo, and in this case [, fdu is
defined for any A C €.

(f) In general, the integral is only subadditive: for f; : Q@ — EJF, i=1,2,

/Q*(fl + f2)dp < /Q* f1du+/9* fadp




