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Abstract

The ensemble plays a key role as the notional *population’ for the observed time series. |
propose a new method of constructing the ensemble by using maximum entropy (ME)
methods. The ME distribution satisfies the mean preserving constraint by construction
and is computer intensive. My seven-step algorithm for constructing ensembles is de-
signed to satisfy the ergodic theorem and Doob’s theorem, without assuming stationarity
and without using complicated asymptotics. Proposed methods are particularly conven-
ient for short nonstationary economic time series and can potentially simplify several
inference problems in time series analysis. Three examples illustrate them. A consump-
tion function example explicitly shows that: (i) the constructed ensemble retains the basic
shape and dependence structure of autocorrelation function (acf) and partial autocorrela-
tion function (pacf) of the original time series, (ii) one can avoid shape-destroying trans-
formations (differencing) and the underlying need for achieving stationarity, and (iii) one
can provide confidence intervals for coefficients of lagged dependent variables. A H-
nance example shows that new methods can provide a confidence interval for the popular
tool called value at risk or VaR.
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1. Introduction

In standard statistical analysis one attempts to study the properties of a popula-
tion parameter from the available sample data. In time series analysis, we have only one
observation x; on the random variable X at timet. How can we have a probability theory
when there is only one realization? Researchers including Wiener (1930), Kolmogorov
(1931) and Khintchine (1934), (WKK), among others developed the ingenious solutions
to this problem by using two routes. Kolmogorov focused on Markov processes, extrapo-
lations and joint distributions. Wiener focused on constructing stochastic processes
mostly as linear combinations of simpler independent and identically distributed (iid)
processes (mostly white noise), as building blocks and on explicit extrapolations.
Khintchine considered stationary processes and nonnormal families and gave a weak law
of large numbers that does not assume bounded variances. All regarded % as a random
variable and the entire time series as arandom function, Yaglom (1962).

The WKK model considers x; as arising from arandom experiment, which can
(at least in principle) be repeated endlessly. The performance of the random experiment
will yield distinct values of x and hence a distinct time series, each time the experiment
is performed. The WKK theory imagines a collection an infinite set of time series called
the ensemble. Khintchine'slaw of iterated logarithm provides bounds (involving the
log(log(T)) term) within which paths of partial sum sequences can fluctuate. A member
of this ensemble set isthe observed time series x. This paper offers acomputer intensive
construction of aplausible ensemble, which has been crucial for the traditional probabil-
ity model for time series. My ensemble is created fromthe maximum entropy (ME) ‘em-
pirical’ cumulative distribution function (CDF) and | cite Kolmogorov’s * distance theo-
rem’ to claim that it is asymptotically valid. For example, | can construct explicit bounds
within which 9999 ensemble paths themselves, not just partial sums, lie. Such construc-
tions were impossible to imagine in 1930’ s without modern computers.



Progress in time series inference was possible by assuming that the observed
time series can be converted into stationary series by simple operations such as differenc-
ing. The stationary distribution is viewed as the equilibrium distribution, not affected by
theinitial conditions, whent® ¥ . In physical sciencesit is plausible that the process
becomes stationary once the equilibrium is achieved. Physical diffusions of heat and
ocean waves indeed can have some kinds of equilibrium asymptotic properties independ-
ent of theinitial conditions. However, since human reactions are generally sensitive to
initial conditions (endowments), stationarity assumption istoo strong for time series aris-
ing insocial sciences.

Even in engineering and natural sciences researchers avoid assuming ‘ strictly
stationary’ processes (which require that all ensemble moments to be independent of the
origin). The ‘weakly stationary’ (or covariance stationary) process requires only the
mean and autocovariance to be independent of the origin. | avoid stationarity altogether
by proposing a new seven-step algorithm described in the Section 2.3 to create J (e.g.,
J=999) time seriesw; as elements of the ensemble W. Although the algorithm randomizes
the order statistics x) of X, it uses double sorting to recover the original ordering of x .
Next, | usethe Jvaluesto directly construct approximate numerical sampling distribu-
tions for many pivotal statistics. Thereisno need to know their possibly multi-modal,
highly non-normal functional form. Their confidence intervals simplify statistical infer-
encein evolutionary systems or short nonstationary economic time series.

Consider the traditional probability model with a simple experiment of tossing a
coin two times. Let the outcomes be 1 (head) or O (tail). The sample space W consists of
arectanglein the positive quadrant from 0 to 1 in the usual Cartesian coordinate system.
In time series analysis we imagine the two tosses as being attached to T=2 pointsin time
leading to four possible % with t=1,2: (1,0), (0,1), (0,0) and (1,1). The occurrence of (1,1)
when one observes heads at both t=1 and t=2 is called an ‘event,” and regarded as a sub-
set of W. Note that the events as random elementsw T W are actually time series. In this
example, w; with j=1,..,4 exhaust the finite ensemble W. More generally, we |et the date
tl {1,2, ..., T} be asubset of an arbitrary index set T¢ AsT® ¥ we havealongtime
series of 1'sand 0's and W becomes an infinite dimensional space to characterize an en-
semble containing w;.

Ingeneral, w; aretime series of all kinds of real or imaginary random experi-
ments. There exist some pathological subsets of an infinite dimensional space for which it
isimpossible to assign any probability. Hence mathematicians use as-field (or s-
algebra) of subsets denoted by A. We can assign probability to only those events that
belongto A. Inthisgeneral set up, we denote by P afunction, which assigns a ‘ probabil-
ity measure,” (a number in the closed interval [0,1]) to all elementsof A. Thus (W, A.,
P) represents the probability space. The observed time series may be more precisely de-
noted by X(t, %), where t isthe time subscript and x; is the magnitude. Clearly, X(t, %) is
areal valued function defined on T¢ W such that for each fixed t, the X (t,x) isarandom
variableon (W, A, P), which is called arealization wy from the ensemble.

If we consider thousands of coin tosses over thousands of dates the entire his-
torical time seriesis actually a single realization wy from the ensemble. When we con-
sider infinite sequences of 0'sand 1's comprisingW, it is quite plausible to think of some
sub sequences of 1'sand 0’ s repeating themselves. The WKK theory exploited the possi-
bility of repeating sequences to detach from the time dependence and focused on station-
ary time series. Their model used a measure-preserving backshift or lag transformation
operating on X; which gives Xy.;. Thatis, LkXt =Xtk When k=1 for one lag. More gener-
aly, k can be alarge positive or negative integer to represent backward or forward shift.
Notethat L¥ isa“1-1 onto” mapping L“W® W. For harmonic or spectral analysis of
time series, the function exp(iu[x+h])=exp(iux)exp(iuh), where i=G 1 isimportant. It



saysthat atime displacement of such afunction merely multipliesit by acomplex num
ber and is exploited by the spectral analysis of time series.

Let {t1,ty, .., t1}1 T¢ Strictly stationary time series have the following property:
Their joint distribution f{ X(t1), X(t2), .., X(t7);q} remains the same if we shift each point
in T by any constant k. If the mean and variance are not functions of time, it is covariance
stationary, where the autocovariance of lag k can still depend on |k|, but not on time. Sta-
tionary times series are integrated of order zero, x~1(0). Many economic applications
involve amixture of 1(0) and nonstationary I(d) series, where the order of integration d
can be different for different series and even fractional, where the strong stationarity as-
sumptions are difficult to verify. The WKK theory mostly needs the zero memory 1(0)
white noise type processes to build virtual ensembles. Some technical results are true
only for circular processes where the pointsin T are arranged on acircle, Priestley (1981,
p.260). In economic applications, circularity assumption means we can go back in his-
tory, (e.g., undo the SEC, FCC, or go back to horse and buggy, etc.) and is quite unrealis-
tic. Economists bring realism by testing and allowing for finite “ structural changes,” of-
ten with ad hoc tools. See referencesin Maddalaand Kim (1998, part 1V), Sen (2003)
and other articlesin that issue. Similarly itishard to accept the notion of infinite memory
of the random walk |(1) when the very definitions of economic series (e.g., GDP) change
over time.

The order statistics ;) are obtained by reordering the magnitudes . For exam-
ple, if T=3 and x={3,5,2}, reordering them leads to xy={2,3,5} and the original time
subscriptst={ 1,2,3} go to the new set of locationst={2, 3, 1}. In general, the location
set t isunique, except for ties and the corresponding mapping may be denoted by o™
w,=0" X(t, %)= X[t, xyl, wheret T T¢ We abandon stationarity and replace the related
requirement that: LW ® W by the requirement that the unique location sett based on
transforming the observed datainto order statistics should remainfixed for all elements
of the ensemble. For example, consider another time seriesy with T time periods repre-
senting the element w, T W. We require that 0™w,=0"" Y (t, ;)= Y[t, y(n], where it obeys
the order in the sett from theindex set. In other words, we require O“W® W, with a
fixed sequence of locationst T T¢ defined by the observed time series x linking the rela-
tive magnitudes to the time subscript t. This mapping O will be further clarified and
illustrated in the sequel.

Remark 1 (ergodictheorem): Let X denote the sample mean of the time series x over
the dataranget=1, .., T and let mdenote the unknown population mean over the ensemble
W. If w denotes one realization of the ensemble withj=1,2,..., J, J+1,...(with Jin thou-
sands), then mis the ensemble mean for the w; time series over all possiblej inW. | apply
the maximum entropy (ME) principle to the empirical cumulative distribution function
(ECDF) of the x datato help preserve essential features of the true CDF. Section 2 ex-
plains two specific features preserved: (i) preserving the probability mass around each x;,
and (ii) preserving the expectation E( X ). These are called mass and mean preserving
constraints. In my application, X isa‘time average’ and E( X )=mis the ensemble aver-
age. In statistical mechanics, ergodic processes immediately permit “replacing ensemble
averages by their corresponding time averages.” Hence the corresponding theorem is
called the ergodic theorem. Birkhoff (1931) proved the ergodic theorem rigorously for
stationary processes. See Dhrymes (1998) or Spanos (1999, p. 424) for the mathematical
details (e.g., Cesaro sums) needed for the infinite dimensional W, where the very exis-
tence of mneeds to be assured. Since | construct thousands of w T W, all of which satisfy
the mean preserving constraint, the existence of mcan be reasonably assumed. If the ob-
servable sample mean for j-th sampleis not close enough (i.e., within the user defined
tolerance, Tq) to X due to the presence of extreme (outlier) elements from the tails of the
ME distribution, we del ete that sample and get a new j-th sample. In short, the limit of




the time average in the ensembl e exists by construction and the convergence to mis as-
sured by the "mean preserving constraint" satisfied in the construction of each time series
in my w. We shall see that this can be placed in arigorous axiomatic framework.

Economists have long recognized that economic time seriesare often non-
stationary. Considerable effort is devoted to devising tools for creating stationary series
after appropriate testing and adjustments. For example, we are asked to first assess the
order of integration d of each series. However, along-memory fractionally integrated
process has afractional d, and most tests for stationarity (the null hypothesis that d=0),
which ignore the possibility of fractional d, are known to have low power, Maddala and
Kim (1998), Vinod (1994, 2002b). If the alternative hypothesis allows for breaks, the
unit root test conclusions can be reversed, (See, Sen, 2003 and his references). Recent
econometric literature includesa, f, andy mixing notions of asymptotic independence
and mixingales to replace martingales, Spanos (19992, to help the real world economic
factsfit the classical WKK theory. | claim that the L* operator and all such unpleasant
adjustments needed by the WKK theory point to aneed for afresh and simpler alterna-
tive. My computer intensive algorithm isafirst step in the direction of achieving it.

The plan for the remaining paper is as follows. Section 2 explains my construc-
tive approach to ensemble creation as a potentially powerful and yet simple alternative
for studying nonstationary time series. The reader will recognize that since the algorithm
in section 2.3 creates resamples, it is similar to Efron’s bootstrap. In fact, Vinod (2002)
presentsit only as abootstrap. Apart from the use of the maximum entropy distribution,
my double sorting to recover the time-series dependence properties seemsto be impor-
tant. Section 2.4 explains how to create the joint probability distribution to satisfy the
conditions of Doob’ stheorem for avalid creation of W. In short, | convert the datainto a
set ordered in size, record what this transformation O™ is, use Maximum entropy to con-
struct a population around the data, draw random sample from this MEdensity, apply the
inverse transformation and construct arandom time series. These steps can be viewed as
those of anew dependent data bootstrap.

Section 3 starts with an example with T=5 to understand the ensembl e creation.
Section 3.1 considers two familiar macroeconomic quarterly time series for the US: Y, =
the GDP, and C; =personal consumption, where T=223 from 1929 to 2002. The WKK
fiction imagines an ensemble coming perhaps from other solar systemsin the universe. It
further imagines a probability model of different outcomes of Y; and C;, where the actual
seriesis arealization wfrom among the infinite possibilities. Section 3.2 uses an exam-
ple from Finance. With these examples | show that assuming stationarity is not the only
way and transformations like the L operator are not the only tools to construct the infi-
nite possibilities. Section 4 contains my final remarks.

2. Ensemble Creation from the ME distribution

My object in this section isto develop a new method for creating as many reali-
zations as needed from {%} to comprise the potentially thousands of generally distinct
elementsw of W. Hence, | insert the additional subscript j and denote the elements of the
j-th realization of % by x; for j=1, .., J, where Jis alarge number. | use the principle of
maximum entropy (ME) in creating x;. The ME method is similar to Efron’s traditional
bootstrap. The traditional bootstrap possesses the following three properties, which are
especially unsuitable when x represents economic or financial time series. We shall see
that my resampling algorithm based on the ME distribution avoids all three properties
simultaneously.

(P1) The traditional bootstrap sample repeats some % values while not using as many
others. We are considering applications where there is no reason to believe that values
near the observed x; are impossible. For example, consider x=49.2, there is no reason
why it cannot be 49.19 or 49.24, both of which round to 49.2.



(P2) Thetraditional bootstrap resamples must lie in the closed interval [min(x), max(x)].
In most economic seriesthisisan artificial restriction with no economic justification. The
observed range is random and somewhat smaller or larger % cannot be ruled out.

(P3) Thetraditional bootstrap resample shuffles x such that any dependence information
in the time series sequence (X, ..., X, %+1, - - » X7) islost. If wetry to restore the original
order to the shuffled resample of the traditional bootstrap, we end up with essentially the
original set {x}, except that some dropped x; values are replaced by the repeats of adja-
cent values. Hence, it isimpossible to generate alarge number J of sensibly distinct re-
samples with the traditional bootstrap. The next remark is actually a digression explain-
ing why some fancy bootstrap confidence intervals are not used in this paper.

Remark 2 (Why not percentile-t?): Consider atypical bootstrap where one has esti-
mates of astatistic b, its estimates from resamples denoted by b* and wishes to study the
parameter b. When bootstrap was first proposed there was a direct comparison of b with
b leading to the so-called naive confidence intervals (Cls). Later bootstrap methods sug-
gested replacing a study of (b- b) with the observable (b- b*) ultimately leading to
percentile and percentile-t Cls. Berkowitz and Kilian (2000) note that the percentile and
percentile-t methods have important shortcomings for time series applications. Hence, it
is convenient to use the naive Clsin thisinitial study.

| shall avoid properties P1 to P3 listed above without introducing unnecessary
arbitrariness. The Appendix in Vinod (1985) was perhaps the first to use the maximum
entropy (ME) arguments to extend the range of the income data. The concept of max-
mum entropy has been widely used in both social and natural sciences as a measure of
uninformativeness in a system. Let f(x) denoteitsdensity. The entropy is defined by the
mathematical expectation of the Shannon information:

D Entropy=H= E(- log f(x))

L et us impose mass and mean-preserving constraints and select the f(x) which maximizes
H. Such anf(x) is called the ‘ME distribution’ in the literature, and consists of acomb i-
nation of T piecesjoined together. Figure 1 gives anillustrative graph later. First, we sort
the datain an increasing order of magnitude, denote the order statistics by X and com-
pute new ‘intermediate points’ defined as the averages of successive order statistics:

2 z= 05 (Xt Xwy) t=1,..T-1

The intermediate points help define the ME intervals from pairs of successiveZ's. For
t=2 tot=T- 1 we definetheintervalsas: 1,=(z, 2),. . .,| -1=(Zr-2, Z1-1). Since we are con-
sidering a continuous random variable, both open (.,.) and closed [.,.] intermediate inter-
valsare equivalent. The key novelty hereisto also include the open-ended intervals|y
(-¥,z7) fort=1, and |1 (zr.1, ¥) for t=T. Thus, we have exactly T intervals, each of which
contains exactly one X).

The mass-preserving constraint says that, on an average, afraction /T of the
mass of the probability distribution must lie in each interval. The ME resampling algo-
rithm achieves this by giving an equal chanceto eachinterval I, (- ¥, z), I>(z1, ), ..., IT
(zr-1, ¥) of being included in the resample. The traditional bootstrap selects uniform
pseudorandom numbers between [0,1], transforms them into a sequence of random inte-
gersin[1,T] to define the shuffled selection from the set { x} . The bootstrap gives each
observation an equal chance (1/T) of being included in the resample. The advantages of
the ME resampling algorithm are: (i) it uses the interval that contains the observationand
not necessarily the observation itself, and (ii) it uses the pseudorandom numbers, not
transformed integer values.

The mean-preserving constraint (on order 1 moments of f(x)) isSx =S
Xn=Sm, where m denote the mean of f(x) within the interval I;. This property is satis-



fied by the traditional bootstrap, since itsf(x) is a delta function with the mass (1/T) con-
centrated at x; in l;. The mean preserving requirement is a bit complicated for the ME
resampling algorithm, since it requires that the mean m in the interval |, is equal to a
weighted sum of the order statistic x;) with weights from the set {0.25, 0.50, 0.75} ex-
plained below.

The f(x) which maximizes our ‘ignorance’ defined by the entropy (1) aloneis
called the ME distribution. The problem of finding such f(x) was solved long ago in the
statistical literature dealing with so-called characterization problems, Kagan et al (1973).
A reference familiar to economistsin adifferent context is Theil and Laitinen (1980).
The solution states that:

(i) f(x)=(1/ gq)exp([x- z])/q) with g =m, ==0.75x(1)+0.25X() in |, thefirst interval.

(i) f(x)=(1/ q)exp([zr. 1- XI/q) with g =my=0.25x(1.1)+0.75x in I thelast interval.

(iiN) f(x)=1/(z¢ z 1) isauniform density where the mean of the uniform (z. 1+ z)/2 also
equals m¢=0.25xy. 1)+ 0.50%)+0.25%+1) in the intermediate intervalsly (z. 1, z) for k=2,
..., T- 1. Thefollowing exampleillustrates how these weights from the set { 0.25, 0.50,
0.75} help satisfy the mean-preserving constraint Sx = Sm. Thus the ME distribution
avoids arbitrary choices and is completely known from the data.

For further clarity | use a simple example where there are T=5 data points (36,
20, 12, 8, 4). Hence the order statistics are X =(4, 8, 12, 20, 36). From consecutive aver-
ages of two order statistics we compute z ={ 6, 10, 16, 28} . At the left extreme, the sup-
port of the ME distribution in the left tail istheinterval |1, (- ¥, 6) and the density [(1/q)
exp([x- 6]/q)] should have the parameter q=0.75* 4+0.25*8=5. The next interval I, is (6,
10) and the ME distribution in it is uniform with the sample mean 0.25* 4+ 0.5* 8+
0.25*12 =8. Similarly the mean of the uniform over theinterval (10, 16) is 13 and over
(16, 28) it is22. Over the last open ended interval 11(28, ¥), the ME distribution is again
(1/q)exp([28- x]/q) with q=0.25* 20+0.75* 36=32.

Now verify that the mean preserving constraint, Sx = Smc= 5+8+13+22+32=80,
based on the judicious use of the weights 0.75, 0.50 and 0.25, isindeed satisfied. The
elements x;; of the j-th resample will not, of course, add up to 80 in each realization. Thus
the ME distribution is continuous, artificially joined at apparent points of discontinuity. It
consists of T attached parts over the entire Real line (- ¥, ¥ ) and obviously avoids prop-
erties P1 and P2 of the traditional bootstrap. We shall seethat it requires double sorting
to avoid the property P3.

We need not explicitly impose any variance-preserving constraint, because it
can be shown, Theil and Laitinen (1980), that the variance of the ME distribution is

. 1 o712
(3 Varye=sample variance - E a._, (X(i+1) - X(i))2 - E
o T-1
a (X - X(i—l))2 -

Since the ME distribution reduces the sample variance, there is no danger that
Vanye® ¥. The amount by which Vanye isreduced in (3) is negligible when T islarge.
Hence, it does not seem necessary to impose a variance preserving constraint. If one
wants to preserve the sample variance, | suggest multiplying all members of the resample
by a constant larger than unity based on (3).

It isfortunate that the ME density involves only the exponential distribution in
thetwo end intervals. We have simple analytical expressionsfor its CDF as
[1- exp(- gx)] and its ‘inverse CDF as[- |g| In(1- p;)], where p; denotes the probability.
Sincethe logarithm of afraction is always negative, In(1- p;) <0, but the mean q in the
tails need not be always positive. Hence we use |q| instead of g in the expression to obtain
apositiveresult. Thus pseudorandom numbers from the ME density are easy to obtain on
a computer, despite the presence of the exponential. Each member of the constructed



ensembleisatime series having T elements and we plan to create a large number j=1, 2,
Y4 J of such time series x; from the inverse CDF of ME-density as quantiles. Sincethe
extrapolation in the left and right tails needs some care, we explain them first and also
mention the algorithm for outlier rejection in separate subsections.

2.1 Tail Extrapolations:

First consider the right tail of the ME density similar to the one plotted in Figure
1, which begins at zt.; and goesto infinity. Theinterval [0, ¥) of the usual (standard)
exponential with mean g= my = 0.25x1. 1)+0.75xX) is mapped on the interval [zr. 1, ¥)
needed here and assigned the probability mass (1/T). Hence we shift the starting point of
the exponential to z. ;. Consider T uniform pseudo-random draws denoted by ps lying in
the [0,1] interval. They yield j-th ensemble elements x; for t=1,..,T as quantiles x; of the
ME density. If the random draw exceeds (T- 1)/T, % will belong to the right tail and is
given by:
(4) zr.1 - [l In(2- pr).

Figure 1. Plot of the Maximum Entropy Density when x ={4, 8, 12, 20, 36}.
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Theleft tail extrapolation issimilar to that for the right tail, except that the ex-
ponential isin the reverse direction, so that (1- p;) in (4) will become (p;). The | eft tail
begins at - ¥ and goesto z;. Let usfirst compute the quantile asif it werein the right
direction and then adjust for the direction. The quantile of the ME density will belong to
theleft tail only if the random draw islessthan 1/T. Since the mean of the exponential in
the left tail isq =m=0.75x1)+0.25X2) , which may well be negative. The desired quantile
similar to (4) is:

®) zi- [af In(pr) -

2.2 Outlier Identification and Rejection of Quantile sets:
The ME density for intermediate intervals is uniform and the corresponding
quantiles require simple interpolations. Collecting al T quantiles {x:} and averaging

them we check for outliersasfollows. If |[(L/T)S; .- X | >To, where Ty isatolerance



number (defined by the user), the entire set { X} is considered an outlier. In some appli-
cations the smallest plausible value for the series cannot be negative (e.g., price) and this
may require rejection of negative quantiles. In general, statisticians have developed tools
defining the outliers. For example, elementary textbooks describe the low end outlier as
any value lessthan Q;- 1.5*I1QR, where Q, isthe first quartile, Qs is third quartile and
IQR=Qs- Q;= theinter-quartile range. Similarly upper end outlier is defined from
Qs+1.5*IQR. Although the user is assumed to be able to choose the appropriate outlier
rejection scheme and specify T, | am not asking from the user a detailed Bayesian speci-
fication of a prior distribution. | do not claim that my algorithm is the best.

Gilboa and Schmeidler (2003) have developed a rigorous axiomatic framework
for inductive inference using fuzzy information, which does not fit the Bayesian para-
digm. What they call 'memory' consists of a database from past cases and our original x
data can be regarded as memory. Gilboa and Schmeidler imagine a person who uses this
memory to "predict" some eventuality and create a qualitative plausibility ranking with-
out having to envision all possible memories. In our case the 'eventuality' isthe mean of
j-th sample. Using |(1/T)S; % - X |, my algorithm generates plausibility rank of the j-th
sample leading to arejection of implausible ensembles. Thus arigorous axiomatic
framework is available.

2.3 List of Stepsin the Seven-Step Algorithm:
The entire set of steps needed to create arandom realization of x is as follows.
[1] Definea T 2 sorting matrix called S; and place the observed time series % in the
first column and the set of integersa={1, 2, ..., T} in the second column of S;.
[2] Sort the matrix S; with respect to the numbersinitsfirst column. This sort yields
the order statistics X in the first column and a vector a° of sorted a in the second col-
umn. The vector aswas called t earlier and will be needed later. From x) construct
the intervals|; defined from z, from (2), and m with certain weights on the order sta-
tistics x) defined above.
[3] Choose a seed, create T uniform pseudorandom numbersps in the [0,1] interval,
and identify the range R=(t/T, (t+1)/T] for t=0to T- 1 wherein each ps falls.
[4] Match each R, with I, . Use equations (5) and (4) if psl Ry or Ry respectively.
Otherwise, use linear interpolation and obtain a set of T values{X:} asthej-th resam-
ple. Recall that each mean of the uniform equals the correct mean m.  If [(L/T)S; X
- X | >Tq, where T, isatolerance number (defined by the user), the entire set { %}
isan outlier. Some users may reject outlier sets based on:Q;- 1.5*IQR or
Q3+1.5*IQR, where @ isthefirst quartile, Qs isthird quartile and IQR=Qs- Q. If
{ %} isjudged to be an outlier, go back to step 3 and select anew {x}.
[5] Define another T* 2 sorting matrix S,. Reorder the T members of the set {x} for
the j-th resample obtained in step 4 in an increasing order of magnitude and place
them in column 1. Also place the sorted set & of step 2 in column 2 of S,.
[6] Sort the S, matrix with respect to the second column to restore the order {1, 2, ..,
T} there. Denote thejointly sorted column 1 of the elements by { %} . These repre-
sent the M E resample, where the additional subscript sreminds us of the sorting step,
which has restored the time dimension to correspond with the original data.
[7] Repeat steps 1 to 6 alarge number of timesfor j=1, 2, ..., J (J=999, say).

2.4 Doob’s Theorem and constructive approximation to W, the complete ensemble.

This subsection shows why the seven-step algorithm gives us the ensemble W.
Its validity is based on the assumption of ‘ perfect rank matching’ between the observed
data and any w time series we construct. In effect, | am assuming that the rank correla-
tion coefficient between the observed time series and any element w of the constructed



ensemble W should be unity. Thisistheimplication of the steps 2 and 6 of Section 2.3
and is claimed to be less demanding than commonly used stationarity assumption. | will
have created a completely specified W only when | identify a suitable joint probability
distribution in order to satisfy the conditions of Doob’s (1953) theorem. Following
Priestley (1981, p.104) Doob’ stheoremis:

Doob’s Theorem: For any positive integer T, let {t,, 5, .., tt} be any admissible set of
values of T. Then under general conditions, the probabilistic structure of the random
process{ X(t)} iscompletely specified, if we are given the joint probability distribution of
{X(t1), X(t2), .., X(t7)} for al valuesof T and for all choicesof {t4,t5, .., t1}.

Since Doob’ s theorem is designed to facilitate an application to stationary proc-
esses, its statement focuses on all possible choicesof {t;, t5, .., t1} subject to time shifts.
In my design, {1,2,. ., T} isthe only admissible choice for my dependent non-stationary
time series, that is, no time shifts are admissible. Let Xy denote the random variable
associated with the order statistic at (t) and let its marginal density (X)) be the ME den-
sity. Recall that the support for the ME densitiesisl; (- ¥, z1), 12(z1, 2), ..., |1 (Zr-1, ¥)
based on the order statistics x). For example, let T=5 and the time spent in hours by a
law firm on a case during weeks t=1,2,..,5 is observed to be: x=(4, 12, 36, 20, 8). Figure
1 plotsthe ME density for this example. The number of ME densities f(X(y) are exactly
T, just enough for the T data pointsin . Now | use the ‘ perfect rank matching’ assunp-
tion to identify the f(X;) from each known f(X)). Thus thejoint probability distribution
describing the Wis given by the product P f(X;) defined over t=1tot=T. In practice, one
chooses random draws and relies on the probability integral transformation to create each
element wof W. In constructing my W algorithm | do not require that exactly one obser-
vation come from each f(X;), although such arequirement can be imposed. Sincel have
satisfied the conditions of Doob’ stheorem, | claim that the seven-step algorithm provides
agood approximation to the ensemble W.

3. Numerical Examples

My first example uses theillustrative data with T=5 plotted in Figure 1 with law
firm hours now in the descending order: x=(36, 20, 12, 8, 4). | create avery large set W
of elementsw; for j=1,2,...,9999, comprising the ensemble. The first seven elementsw;
are reported in Table 1. These numbers are seen to have agreat variety and are not too
close to the original data and yet not too far. Hence they represent a plausible W. Since
T=5, no asymptotic theory can apply, and yet it is remarkabl e that we are able construct
such alarge ensemble. The largest number 56.561 among the 9999 is larger than x1)=36
of thedata. Dueto the smallness of T (=5) the smallest number in the ensemble, 4.8772,
isnot smaller than x1)=4. This property does not hold for the example of the next section
where T>223.

Table1: Original x in thefirst column and the ensemble elementsw T W, for =1, .., 7.

X =t | j=2 | j=3 | j=4 | j=5 | j=6 | j=7
36 54.375 16.352 43.8 16.478 29.049 39.98q 10.225
20 10.225 6.1481 16.405 16.441] 16.295 39.73q 10.143
12 10.102 6.1209 16.394 6.024] 16.128 37.785 10.112
8 6.1287 6.1008 16.107 5.6902 5.6549 36.54 6.1219
4 6.0765 6.0227 6.0415 5.0358 5.6471 54338 6.0003

The smallest realization in 9999 resamplesis 4.8772 and the largest is 56.561. The origi-
nal averageis 16 and the grand mean of all means over the 9999 resamplesis 15.909.



The 9999 standard deviations have: min=0.025146, max=6.968, mean=12.223 and me-
dian=13.142.

Column 1 of Table 1 has a declining time series, whereas the order statistics
used in ME calculations are increasing. Y et the algorithm correctly retains the declining
shapefor all J. Asafurther test, | started with the shape (4, 12, 36, 20, 8), which hasa
mode in the middle and created J series w; by using the double sort (* perfect rank match-
ing’). Thealgorithm correctly retained the hump shape in the middle of the seriesfor
eachj.

Remark 3 (shaperetention): Economists familiar with the ordinal utility theory can
appreciate why perfect rank matching (i.e., double sorting) retains the basic shape of x,
the observed time series. We simply pretend that x; is abundle of T commaodities where
only the ordering matters and each w; obeysits partial ordering. The next sub-section
shows that the basic shapeis retained even for amuch larger data set with T=223. Figure
2 plots x for the consumption data (solid line) and four w; of 999 (dotted and dashed
lines), which are visually seen to retain the basic shape of the solid line. Figure3isa
similar plot for the plausible reincarnations of GDP. Table 2 shows similar patterns for
autocorrelation functions (acf) and partial autocorrelation functions (pacf) of consump-
tion. | emphasize that differencing, de-trending, spectral decomp osition, moving blocks,
and many other operations destroy the basic shape. By contrast, | retain the basic shape
without imposing explicit parametric conditions on the acf or pacf.

The mean preserving constraint holds for the example of Table 1, since the
grand mean 15.909 of the 9999 resamplesis very closeto the original sample mean of 16.
The average of 9999 standard deviationsis 12.223, which is slightly smaller than the
sampl e standard deviation of 12.649, as predicted by the formula (3). It appearsfrom
Table 1 and Figures 2 and 3 that my seven-step algorithm is doing what | have claimed.

The constructed large ensemble is potentially useful for time series inference. It
is not my purpose here to suggest a new bootstrap per se. However, | have removed al
three undesirabl e properties of the traditional bootstrap listed at the beginning of Section
2. Thebootstrap literatureis vast, and there are piecemeal attempts to remove one or
more of P1 to P3, but not all three. For example, the so-called ‘ smooth bootstrap’ deals
with P2, whereas the ‘ moving blocks’ bootstrap deals with P3 by assuming ‘m
dependent’ time series (See Berkowitz and Kilian, 2000, for references). A simulation
comparison of my bootstrap will have to include both the smooth and moving block
methods. Although interesting, such a simulation is beyond the scope of this paper.

| used GAUSS software version 4.1 on a Pentium 11, 850Mhz processor, ‘ Win-
dows Me OS machine. Replacing initial seed=321 by seed+1 at each iteration, all boot-
straps took less than six minutes.

3.1 Keynesian Consumption Function:

Now that we have successfully created an algorithm for creation of time series en-
sembles, our next step is to show its usefulness for inference purposes. For illustration,
consider the simple Keynesian consumption function:

6 G=a+bY;+9gC.1+a8,

where Y denotesincome, C denotes consumption and time is denoted by a subscript. My
datafor Y isthe gross domestic product (GDP) and for C it is personal consumption.
Both data series come from the National |ncome accounts by the Bureau of Economic
Analysis (BEA) in Washington, DC. My two time series of 223 data points start from the
first quarter of 1929 and end in the third quarter of 2002, the latest available quarter when
this empirical example was estimated.

10



First, | estimate aversion of (6) when the lagged dependent variable is absent (g° 0).
Using the seven-step algorithm of Section 2.3, | create w; for j=1,..,999 redlizations of Y
and C from the ME distribution. Figures 2 and 3 illustrate w for C and Y, respectively,
where j=1,..4 and solid lines represent the original data. Are the w; retaining the autocor-
relation properties (acf, pacf) of the original series? To study this, autocorrelationsr y for
lag orders k=1,6 for C are reported in the upper panel of Table 2. Partial autocorrelations
arereported in the lower panel. Although ther in Table 2 are not identical for the
consumption data and different wi, their essential patterns are very similar. Partial
autocorrelations fy are, by definition, regression coefficients of the last term in AR(K),
the autoregression of order k. In Table 2 the fyk are close to zero after the first order.
These calculations were repeated for the Y variable and for w when j=101, 102, .., 105. |
do not report them for brevity, since they continue to show appropriate pattern
similarities. Thus, Table 2 supports my claim in Remark 3 that the basic pattern of
dependence is captured by the artificial ensembles. In fact if one wantsto assess the
sampling properties of sample estimates of r  or fy, from x, | suggest computing their
999 realizations for any k<T- 1. Similarly, if x~I(d) it is possible to get 999 ensemble
estiamtes of d even if it isfractional for new insights on inference for the d parameter. In
short, | can provide new confidence intervalsforr y, fyx ord.

Table2: Autocorrelations and partial autocorrelations of order k for C

Fk k=1 k=2 k=3 k=4 k=5 k=6

% 0.984 0.969 0.953 0.938 0.922 0.907
Wy 0.986 0.971 0.957 0.943 0.929 0.914
W 0.984 0.969 0.953 0.938 0.923 0.908
Ws 0.985 0.97 0.955 0.94 0.925 0.911
Wy 0.982 0.965 0.949 0.933 0.916 0.9
fik

% 0.984 -0.00479 -0.0134 -0.00869 0.00254 -0.0131
Wy 0.986 -0.0163 0.0136 -0.00606 -0.00785 -0.0101
Wo 0.984 -0.00444 -0.00687 0.00904 -0.00746 -0.00609
Ws 0.985 -0.00054 -0.00924 0.00343 -0.0157 -0.00278
W 0.982 0.00547 0.0173 -0.0139 -7.20E-05 -0.00678

The respective ordinary least squares (OLS) estimatesof a and b are: a= - 0.14962
and b=0.69245. Their t-statistics are: - 18.96 and 447.06, respectively and the R ad-
justed for degrees of freedom is 0.999, suggesting an excellent fit. The usual (1) asynp-
totic arguments should hold, since arelatively large number (=223) of observationsis
available. On the basis of such arguments, the econometric literature suggests that:

(i) Cand Y areintegrated of order 1, or I(1),

(ii) the regression is spurious leading to underestimated standard errors,

(iii) the OLS is T-consistent rather than OT consistent, and
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(iv) equation (6) should be supplemented by the identity Y=C+ , where i denotesin-
vestment, creating a system of two simultaneous equations. Otherwise, the direct
OL S estimates of (6) are inconsistent.

Clearly, not al four claims can be valid at the same time. The ensemble method of-
ten avoids situations rendering the OL Sinconsistent or spurious. Let us excludethe OLS
regression reported above from the observed 223 data points and focus on the 999
reali zations w; from the ensemble W created by the seven-step algorithm. By
construction, my J=999 realizations are not too apart from the observed data. Indeed, the
observed data x; may be reasonably regarded as one sample from W. The mean preserving
constraint ensures that the ergodic theorem holds. Next, | run J separate regressions to
estimatea and b coefficients Jtimes by the OLS method. L egendre introduced |east
squares in 1805 as a mathematical approximation, without assuming any parametric
distribution for the error term e at all. Hence the J estimates of the parametersa and b
from the ensembl e are semiparametric and remain meaningful irrespective of the
distributional properties of error terms.

Heteroscedasticity and autocorrelation consistent (HAC) estimation of standard
errors of regression coefficientsis not attempted, since we have explicitly constructed a
large ensemble for direct inference. Of course, with J time series w; we can construct €
vectors, each having aT” 1 vector of regression residuals. Now the outer product V;
=ge¢, isarank one estimate of V, the T T error covariance matrix. Following Vinod
(2000, p. 380) a suitable linear combination of V; can yield a suitable symmetric, nonsin-
gular estimate of V. Next, use by= (Z¢V *z) *Zev 'y, where Z is amatrix of regressors,
asanew feasible GL S estimator for efficient estimation. A comparison of by with other
methods discussed in the large HAC estimation literature is left outside the scope of this

paper.
Now let us turn to inference based on confidence intervals. We havej=1,...,J

ensemble estimates of a and b denoted by & and b; respectively. | simply rank order the J
estimates g in an increasing order of magnitude and denote the order statistics by a.
Similarly I can construct bgy. A simple first approximation to the 95% confidence inter-
val (CI95) for a is[as), &grs)] or [- 0.13027, - 0.18222]. The CI95 for b is: [b(s), bars)]
or [0.68781, 0.69846]. Since consumption and income are closely linked, it is not sur-
prising that these naive confidence intervals are narrow (See Remark 2 above).

Another important issue for inference arises when the lagged dependent variable
isincluded in aregression, where the OL S coefficients are inconsistent, Fuller (1976, sec.
9.8). Theinconsistency of OLS arises because C;.; might be correlated with . However,
Durbin (1960) proved the optimality of the OLS estimator despite the presence of lagged
dependent variable. See also Vinod (2000). We have alagged dependent variablein (6)
if we estimate ginstead of settingg® 0. Table 3 reports the results for this case. When we
compute ensembl e confidence limits, we have a direct approximation to the quantiles of
the sampling distribution of any pivotal statistic. Thusthe ensemble confidence limits
reported in the last two columns of Table 3 should suffice for avalid inference, despite
the presence of alagged dependent variable G. 1. A noteto Table 3 reports that for con-
sumption data, X =3.0088 and m=2.9952. These are obviously very close to each other
and a similar closeness holds for the GDP data between sample mean and the finite en-
semble mean.

I conclude this example with the claim that my constructive ensemble offers po-
tentially simple solutions to hard inference problems where the asymptotic normality is
known to fail, or where we are not sure about achieving stationarity. In this subsection
my algorithm was applied separately to C;, Y;, and G. ;. When there are several regressors
and it is cumbersome to construct w; time series for each, we can construct the w; time
series just from regression residual's, provided the OL S specification isvalid.
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Table3. Estimationof G=a+bVY,+gGC.1+8¢

OL S Coeffi- t-statistic Ensemble Ensemble

cient lower limit upper limit
I ntercept - 0.014942 -3.077931 - 0.050671 - 0.00783
Income 0.073495 4.252101 0.046547 0.24766
Lagged Con- 0.90115 35.84485 0.64645 0.93961
sumption

Note to Table 3: Ensemble mean ntfor C; is 2.9952 (for Y; it is 4.5426), original sample
mean X for G is3.0088 (for V; it is4.5617). Clearly mtarevery closetoX in both

cases.

3.2 Application in Finance

This subsection shows that new methods are potentially useful in Finance. Wall
Street investors and bankers often want a dollar figure on the potential lossin aworst-
case scenario. Value at risk (VaR) is one such measure which can be obtained from a
low (e.g., 1%) quantile of a parametric or nonparametric f(X). We use the ensemble to
construct a 95% confidence interval around VaR. We use for illustration a mutual fund
named Alliance All -Asia lnvestment Advisors Fund, with the ticker symbol AAAY X, for
the period of T=132 months from January 1987 to December 1997 from Morningstar
(2000). Descriptive statistics reveal that the density f(X) is a negatively skewed.

Table4: Autocorrelationsr  and partial autocorrelations fy of order k for original data %
and for the first four elements of the ensemble W.

Mk k=1 k=2 k=3 k=4 k=5 k=6
% -0.00451 -0.0433 -0.151 -0.0869 0.0684 -0.0142
Wy -0.051 0.0264 -0.0584 -0.0117 0.0166 -0.015
Wo -0.0389  -0.00836 -0.175 -0.0872 0.0388 -0.0454
W3 -0.062 0.031 -0.0578 -0.0161 0.0232 -0.0178
W -0.0467 0.0195 -0.0454 -0.0108 0.017 -0.0103
frk

% -0.00451 -0.0434 -0.151 -0.0935 0.0537 -0.0441
Wy -0.051 0.0239 -0.056 -0.0181 0.018 -0.016
W2 -0.0389  -0.00988 -0.176 -0.105 0.0258 -0.0794
Ws -0.062 0.0272 -0.0545 -0.0238 0.0241 -0.0172
Wa -0.0467 0.0173 -0.0439 -0.0152 0.0174 -0.0103

Note that due to limited liability laws, investors can never lose more than all
100% of their invested capital. Hence, the worst outcome occurs when the risk-free return
is at its maximum or max(Th3) whereas the mutual fund is liquidated (has a 100% l0ss).
For our application we choose T, =3 and also reject the sets{ X} in Step [4] if any ele-
ment is outside the range (- 110, 100). For the chosen J=999 members of the ensemble,
the grand mean of 1.0194, is not too far from the time average 0.7387, and hence it satis-
fiesthe ergodic theorem. The ensemble minimum - 109.97 is smaller than the sample
minimum - 21.147, suggesting that we are getting a sufficient range of realizations on the
down side, despite the outlier rejections. Similarly, the maximum 99.944 over J values
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exceeds the sample maximum of 10.724 confirming good variety of realizations on the up
side aswell. The quantiles 0.01 for the original datais- 9.629. For a $100,000 capital,
the potential loss VaR= $9,629 is such that we expect that the probability that the actual
lossto belessthan $9,629is0.99. Table4 issimilar to table 2 above and makes the
same point for these data.

Vinod and Morey (2002) note that financial economists usually ignore the esti-
mation risk. Thisisalso true of the commonly calculated VaR, which focuses only on
market investment risk, not VaR estimation risk. Given adequate computer resources, we
can extend the algorithm to joint portfolios of mutually dependent but varied classes of
assets. By contrast, traditional VaRbased on asymptotic theory has great difficulty in
handling joint dependencies and complicated return computationsinvolving taxes and
state-contingent gains and expenses. We claim to provide adirect and simple method of
computing the VaR, which incorporates estimation risk in addition to market risk and
should be useful in practical Finance. A 95% confidence interval for VaR is: [- 15.388,

- 5.1515]. Thus, when the ensemble is taken into account, the VaR = $15,388, instead of
the VaR=%$9,629 from asingle realization x in the data. Thisis claimed to be a new way
to allow for investment risk, as well as, estimation risk.

4. Final Remarks

The classical time series methods by WKK and othersimagine that the observed
time seriesis one realizationw; from alarge ensemble W. No one has used collections of
white noise and other processes to construct an approximation to the W. This paper takes
thefirst step in that direction. For valid inference under the WKK methodsit is neces-
sary to first make sure that each available seriesis converted into a stationary series by
differencing or other shape-destroying transformations. Since the WKK methods were
developed well before computers and even before Shannon’s concept of information (or
entropy asits expectation) were developed, | offer afresh look using computer intensive
tools.

Remark 1 shows how the ME density satisfies the ergodic theorem by construc-
tion. The joint probability distribution is explicitly given by the product Pf(X;) derived
from the ME density, and hence the conditions for Doob’ s theorem are satisfied. | pro-
vide a seven-step algorithm to construct Jtime series of w as elements of W. The use of
the ME density and double sorting are both new and crucial for my algorithm. Gilboa and
Schmeidler's (2003) axiomatic framework is applicable to my construction.

I show with three numerical examples that the maximum entropy density can be
explicitly computed for any time series. | explicitly verified the ergodic theorem for all
examples. A simple example of T=5 points was shown to have 9999 mostly distinct re-
samples. Table 1 exhibitsw; for j=1, ..,7 and shows that their range is reasonable and
they may be viewed as members of a plausible ensemble.

In general, | claim that computer-generated w; yield plausible reincarnations of
any economic variable. There is a sense in which the true object of statistical inferenceis
to assess what the estimated parameter values might have been under such reincarnations.
Hence my algorithm offers a new tool for inference. Thisis useful for nonstationary se-
ries, since the algorithm retains the dependence properties (acf and pacf) of the original
time series without imposing parametric constraints (see Tables 2 & 4).

For the consumption function example, | illustrate in Figures 2 and 3 the original
data quarterly consumption and GDP, respectively, by solid lines and the ensembl e ele-
mentsw; for j=1, 2, .., 4. These figures visually show the unique achievement of my al-
gorithm in retaining the basic shape of the time series without imposing parametric re-
strictions on the acf or pacf. Traditional differencing and other methods do not retain the
shape at all. This example also shows that the computer intensive algorithm readily
solves the inference problem of honnormality and inconsistency when the regressors con-
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tain alagged dependent variable. Similarly the Finance example shows that my algo-
rithm can readily incorporate estimation risk in addition to investment risk in the popular
worst-case scenario calculation VaR. It can be extended to GARCH -based VaR calcula-
tions, McCullough and Vinod (2003).

Another appealing feature for short economic time seriesisthat it is not neces-
sary to test stationarity, nor isit necessary to use differencing to initially transformthe
time seriesinto a stationary 1(0) series before regular estimation and testing can begin.
We can work directly with any I(d) series, even if disfractional and unknown. The new
ME bootstrap for dependent datais also applicable elsewhere. The constructive ensemble
can potentially simplify several inference problemsin time series analysis. Among possi-
ble extensions | have noted new confidenceintervalsfor r i, fxx or d and anew feasible
GL S estimator to avoid both autocorrelation and heteroscedasticity. Since | offer afresh
look at the elegant theory established over acentury, | hope that my methods are viewed
as afeeblefirst attempt and receives further critical study and extensions.
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Figure 2: Observed Consumption, C

and Four Ensemble Elements
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Figure 3: Observed GDP, Y
and Four Ensemble Elements

50 100 150 200

18



