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Abstract

We consider the application of finite-population design-based sampling
procedures in a spatial context to decontamination of a site where there
is a significant public health risk of anthrax exposure. Through computer
simulation, we study the properties of adaptive sampling procedures em-
ployed in the search of a bounded three-dimensional space that serves as
a model of the site. For a finite set of designs, we compare the operational
efficiency of procedures, as measured by percent of contamination elimi-
nated, and examine the variation in coverage proportions with choices of
initial sample selection parameters, cloud-density and design complexity.

1 Introduction

In this paper, we report some initial results from computer simulation stud-
ies of sampling procedures that could be useful in the removal of anthrax from
buildings. The anthrax pathogen is transported by spores which produce ac-
tive bacteria when they come into contact with animals or humans. In our
simulations, we have conceived the intentional release of spores as occurring at
“point sources” from which they spread into a closed environment. The loca-
tion of the point-sources could very well depend upon the use of the structure
or uses of portions of the structure (e.g., mail sorting, business-type offices and
so forth). For this reason, the mechanisms by which spores are dispersed could
be the air-flow in a ventilation system (or other air movement attributable to
air-pressure differences between building units), inter-office mail distribution or,
even, ordinary foot traffic.

The general goals of our statistical systems and methods development are
the synthesis of sampling procedures or plans which:

(1) provide for a mathematically correct estimation of risk;



(2) result in significant improvements in the numbers of sample units
contained in the final sample that are important because they have
lethal concentrations of a contaminant; and

(3) take advantage of statistical information about particle distri-
butions that is available before or becomes available after selection
of an initial sample (in which case, the sampling procedure is called
adaptive).

The following collection of modules for computer simulations evolved from our
early study of a few of these plans:

1) define and label sampling units;

)

2) create spore-clouds or clusters;
)
)

4) define and apply criteria for linking and adding sampling units

(
(
(3) select an initial sample;
(
to the initial sample; and

(

5) formulate and quantify estimators

This modular structure has already proven serviceable in studying several plans
and we anticipate that this will continue to be the case for our still growing
collection of plans. In particular, we expect that it will also be helpful in the
exploration of adaptive procedures in which more refined use is made of the
information in the initial sample through the application of advanced statistical
methods to that data. One motivation for such refinements is, of course, increas-
ing the odds of capturing the “important” units in the sample. The monetary
and psychological costs associated with the time delays in completing decon-
tamination and the need of the skills of highly trained personnel are additional
motivation for concentrating effort on extracting as much useful information
from initial sample data as possible.

2 Detailed Descriptions of the Computer
Simulation Modules

In the first two subsections of this section, we describe modules that we
have repeatedly used for (1) defining and labeling sampling units and (2) cre-
ating spore clusters. These two modules have been used without change in all
of the sampling plans that we have studied to date. We indicate by example
what is needed to specify the selection of an initial sample and to formulate and
quantify estimators. The modules for carrying out these tasks are the ones that
we have changed from one simulation to the next. We want to call attention
to the fact that, up to this point in our exploratory work, we have defined and
applied only one criterion for linking and adding sampling units to the initial
sample. We began our work with this narrower approach hoping to get a better
understanding of the statistical properties of several of the sampling procedures



that one might consider for anthrax remediation than might otherwise be possi-
ble. In future work, we will want to consider criteria for adding sampling units
that embody a broader conceptualization of the term “adaptive”.

2.1 Mathematical Representation of the Building and Its
Subunits

We assume that our “building” or structure is a three-dimensional rectan-
gular parallelepiped throughout which we impose a grid of smaller rectangular
parallelepipeds to represent its subunits. For the purpose of identifying and
labeling the subunits, we refer to a rectangular coordinate system with its ori-
gin positioned at one corner of the lower plane of the building. Let L, denote
the total width of the building; L,, its length; and L., its height. In what
is intended to be an obvious notation, let N, N, and N, be the numbers of
increments of uniform length in each dimension of the grid with widths dx, dy
and ¢z respectively. The following relationships must hold

0x = L, /N,
dy =L,/N,
and
0z=L,/N..

We have thus described a system of N, - N, - IV, volumetric subunits such that
each has volume dz - §y - §z. Each such unit can be uniquely associated with
a point (kg, ky,k.) where kg, k, and k., are nonnegative integers such that
0<k,<N,—-1,0<ky,<Ny,—1and0<k, <N, —1and the corresponding
grid-unit has these vertices:

(kkayvkz) (k;c7ky7kz +1)

(ke + 1, ky, k) (ke +1,ky, k. +1)

(ke +1,ky +1,k.) (ke + 1, ky + 1,k +1)
(ky, Ky +1,k2) (ky, by +1,k, +1).

2.2 Creation of Spore Distributions

This subsection describes a procedure for creating “clouds” or clusters of
spores in the building. For this purpose, we draw random samples from trivariate
normal distributions constructed in the manner described in the paragraphs that
follow.

The location parameter for a cloud is determined by this simple approach:

Let ry, 7y and 7. be independent random selections from a U(0, 1)
distribution. Let

My =Tz - Ly



fy =Ty Ly

,U/z:rz'Lz

The vector g = (g, fby, ft2)" is the mean vector or location parame-
ter for the trivariate normal distribution.

This procedure is repeated for as many clouds of spores as we choose to generate.
For the next step of the process, let A be a predefined lower-triangular
matrix. That is, let
aiq 0 0
A=| axn ap 0
az1  asz2 ass

If vy, vo and v3 are independent normal random variables with zero means and

unit variances, we generate a point (z,y, z)’ from a trivariate normal with mean
. . / . . .

p and covariance matrix A A'when the coordinates of the point conform with

r = a1 v+ Uy
= Q21 V1 + Q22 - V2 + Ly

Z = a3g1-v1+asge-v2+asz-vs+ U,

If N; is the size of (i.e., number of points in) a spore cloud, we repeat this pro-
cess N, times. This method of generating trivariate normal random variables
provides a very convenient way to control variation in the creation of the vari-
ables since the determinant of the covariance matrix is the generalized variance
and is just the square of the product of the diagonal elements of A.

One slight refinement concerning the position of (x,y, z)’ is necessary: we
must have

O0<z< L,
0<y <Ly
O0<z< L,

Therefore, whenever any one of these conditions is violated, we generate addi-
tional points in the above manner until we have N points each of which satisfies
these conditions.

As we generate each point at the second step of the process, we keep a
running total of the numbers of points contained in each parallelepiped subunit
(or cell) of the building. The cell in which we should find the point (z,y, 2)" is
(kg ky, k.) where

ky = [x/dx]
ky = [y/0y]
k., =[z/0z]
where [ - ] denotes the function which extracts the integer part of the number

enclosed in square brackets.



2.3 Initial Sample Design and Selection: An Example

Suppose that the initial sample is to be drawn in accordance with a three-
stage cluster design with simple random sampling at each stage of selection
so that there are n, first stage units, n, second stage units and n, third stage
units. To select a three-stage sample of size n, -n, -n, employing simple random
sampling at each stage, we proceed the same way at each stage of selection. Let
n = Ng, Ny or n; and N = N, N, or N, as appropriate for the dimension in
which sample selection is to be considered. Then, in each dimension:

(a)select the first increment with probability %;
(b)if that increment is chosen, select the second increment with probability

17\’}_,11; otherwise, select that increment with probability +";

c)at the j*" increment, if k; increments have already been selected, choose
J
n—=k;

the j*" increment with probability N1

The result of applying this procedure will be to produce a random sample

. . . . e Mg My Ny
of subunits with inclusion probabilities N NN

2.4 Adaptive Addition of Subunits to the Initial
Sample

The literature on anthrax indicates that an exposure of 2,000 - 2,500 spores
may be enough to cause anthrax in humans. Our simulation studies make use
of the notion of a critical minimum number (CMN) of spores but, solely for
the purpose of keeping the computational burden manageable, we have used a
smaller value. In any case, subunits that share a common boundary with an
initial sample unit are added to the sample when the initial sample unit contains
at least the CMN spore count. The newly added subunits are then examined to
determine if they have a spore count that exceeds or equals the CMN and for
each subunit that does, the subunits sharing a common boundary with them
are added to the sample. This process continues until no further subunits are
added.

The geometry chosen for the building and subunits within the building was
especially fortunate because it facilitates describing the relationship between
subunits of sharing a common boundary. Let the point which corresponds to
the unit of interest be (kg,ky, k.). (Subsequently, we will refer to the unit in
an obvious short-hand as the (ks, ky, k.)-unit.) Assume that 0 < k; < N, — 1,
0<ky<N,—1and0<k, <N,—1. In this case, no side of the (kmkwkz)—
unit has points in common with a boundary surface of the building. The six
units which share a common boundary with the (k;, ky, k,)-unit are the ones
corresponding to these points:

(ks £1,ky, k)



(kg by + 1, k)
(ks ko, ke £ 1),

If the (kg,ky, k.)-unit has points in common with a boundary surface of the
building, then at least one of the following conditions must hold:

(1) either k, —1=—1lor k, +1 =N,
2) either k, —1=—1or k, +1 =N,
y y y

(3) either k, —1=—1lork,+1=N,

Whenever one of these conditions holds, there is no corresponding grid-unit
that would share a common boundary with the (k;, ky, k.)-unit. For example,
if ky —1 = —1, the (ky — 1, ky, k,)-unit does not exist. Likewise, if k; +1 = Ny,
the (kg + 1, ky, k.)-unit does not exist. (Note that in each of these cases, if the
rectangular parallelepiped subunits did exist they would have to lie outside the
boundary surfaces of the building.) To state this more concisely, consider the
point (K, k;, k7). If any of the following three conditions holds, then there is
no subunit of the grid corresponding to that point:

(1) k., = =1 or N,
(2) ky, = =1 or N,

(3) k, =—1or N,.

2.5 Estimators: Continuation of The Example

To avoid unnecessary complexity in notation, in this section, we use (4, j, k)
and (7,7, k') in places where we might have used (k.,ky, k.) and (ki k;, kL),
respectively.

Let the three-tuple (4, j, k) denote a subunit, box or cell of the initial sample
of selection units. By 1, we denote the collection of subunits that include
(7,7, k) and all of the subunits added to the sample which contain at least the
CMN spore count. We refer to 1,1 as the network that includes unit (7, 7, k) of
the initial sample and let m;;; denote the number of units in that network. By
convention, m;;; = 1 when, and only when, the (4, j, k)-unit contains no spores,
in which case we have no further interest in it. Therefore, let us consider what
is to be done when m;;, is a positive integer greater than one. In that case, for
each characteristic that is of interest, form

1
Wijk = E Yirj'k'

T
ik (¢,3"K" ) EYijk

where y;/ ;1 is the sampling unit value corresponding to the population charac-
teristic of interest. An estimator of the population mean is then



and an unbiased estimator of its variance is

= 1-— T T 1 - xT 1-— z
Var(i) = ! 52+ fa( fy)s% + T fu( ! >s§ (2)
Ng NgNy NgNyN,
where
n n n
f&L‘:an fyzﬁy and fzzﬁz
z Yy z
and if
_ 1 &
w;; = — Zwijk
g
~ 1 Ny ng
o = DD wigk
Mynz 27—
then
8= S @ )
e —1 i=1
1 Nge Ny B
2 _ T — a5 )2
%2 = ng(ny, — 1) Zz(w” )
Y =1 j5=1

ng Ny ng

2 1 - \2
B = T 2 2 2 (wiak — )

i=1 j=1 k=1

The reader should note that the estimators in equations (1) and (2) have the
form of the classical design-unbiased estimators for a three-stage design with
simple random sampling. The simple intermediate step of creating the w;j; en-
ables the development of mean-per-unit and variance estimators for an adaptive
procedure of the type considered here by recasting the new estimation problem
in the form of one that has been dealt with previously. The estimation of other
population characteristics may not always be handled by this device.

3 Some Simulation Outputs

For the simulation results discussed in this section, we consider the situation
of a hypothetical building that has ten floors on which there are, for simplicity,
ten rooms of identical dimensions along each side of five corridors. By ignoring
the separations of the rows of rooms by the corridors, and conveyances and



passageways for getting from one floor to another, we intend that the building
conform with the rectangular parallelepiped conceptualization given in earlier
sections, which enables the use of the coordinate system for locating rooms also
decribed earlier. (Note that this structural choice facilitates a base 10 numbering
of the building subunits.) [To avoid giving a “hot spot” in a corridor no chance
of being tested, one might adopt the rule that the corridor area faced by the
entrance of a room that is in the sample is always to be tested. Likewise, one
might also require that all stairways and elevators be tested.]

The spore distribution for the simulation outputs we shall examine consists
of two clouds each of which is generated according to the procedure outlined
in section 2.2 with a minor deviation. We chose very large samples from each
trivariate normal and simply discarded the points representing spores that fell
outside the boundaries of the building. We made 200,000 random draws from
a trivariate normal with one location parameter and 300,000 draws from a sec-
ond trivariate normal with a different location parameter but the same covari-
ance matrix. After eliminating points that fell outside the building, there were
479,000 points distributed over the building interior.

Before reporting our observations, we list the remaining details on the sim-
ulation runs we made:

(1) The CMN spore count was set at 500.

(2) For some comparisons, we considered specifications of the covariance ma-
trix such that the determinant was either 0.49 or 7.29.

(3) To simulate prior knowledge of the sources of contamination, we examined
some consequences of choosing with certainty the subunits that contained
the mean vectors.

For initial sample sizes of 36, 80, 150 and 294, we calculated estimates of
mean spore-count per sample unit excluding those units for which the spore
count was less than the CMN for both traditional (i.e., without adaptively
adding sample units) and adaptive sampling procedures. Table 1 shows results
for 30 iterations of the model for an initial sample size of 150. As one might
expect from other studies (as reported, for example, in [4]), the ranges of the
estimates of mean values and standard deviations indicate that, under adap-
tive sampling, estimates of means are less spread out than under traditional
sampling.

Table 1: Mean Spore-Count Estimates and Standard Deviations for Initial Sam-
ples of 150

Without Adaptive Sampling | With Adaptive Sampling
Means 113.37 - 893.07 141.40 - 775.41
Std. Dev. 30.787 - 61.2512 21.8340 - 54.6769

For a problem like anthrax remediation, the capability of an adaptive sam-
pling procedure to capture a large portion of the subunits containing lethal



concentrations of the pathogen is of the greatest interest. In Table 2, we show
results for 30 iterations of the model for the situation where the determinant
of the covariance matrix is 0.49. The “Initial” column indicates the number
of subunits of the initial sample that contained more than the CMN spore-
concentration; the “Adaptive” column gives the final result of adaptively adding
subunits to the ones in the “Initial” column; and the “Traditional” column gives
the sampling theory expansion estimate for the total number of subunits in the
building that contain more than the CMN spore-concentration. The estimated
means and variances at the bottom of the table are based on the 30 sample
iteration values. With the same definitions of the column and row labels, the
situation is much the same in Table 3 except that the subunits containing the
mean-vectors for the two clouds were included with certainty in each sample.
(It is intriguing to conjecture, at this point, that inclusion of the subunits that
contain the point sources will ensure that the greatest portion of the “impor-
tant” subunits are included in the sample.) For the cases examined in Tables 2
and 3, the true number of subunits with spore-counts exceeding the CMN was
145.

In Table 4, it is enough to show results for an initial sample of size 80 to
indicate that not much changes when we allow for an increase in cloud-dispersion
of several orders of magnitude. Here, the covariance matrix was constructed so
that its determinant equaled 7.29.

4 Summary and Possible Future Directions

The discussion of simulation results suggests that adaptive sampling proce-
dures might be preferred to traditional ones for the anthrax remediation problem
because the final sample yield of subunits with lethal spore counts was much
greater for the adaptive procedures than for the corresponding nonadaptive clas-
sical ones. The simulations also indicated that significant improvements in such
coverage would accrue from knowledge of the sources of contamination. We
conjecture that similar improvements would be realized from careful analyses
of initial sample results even when knowledge of contamination sources is not
available. It is interesting that increasing the amount of dispersion did notalter
these conclusions.

Although somewhat subtle, the three-stage procedure outcomes suggest that
more consistent and stable results might be achieved by employing systematic
sampling and stratification. Accordingly, in subsequent research we expect to
study the consequences of stratification, systematic sample selection and the
use of initial sample analyses.
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