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Abstract

Analysis of a class of non-neutral population genetics models requires
the simulation of samples, computation of sample statistics and evalua-
tion of likelihood surfaces for a multivariate density function that is the
product of a Normal density and a Dirichlet density, defined over an n-
dimensional simplex. A method will be described for the accurate com-
putation of the normalizing constant for the distribution function. The
use of this method will be illustrated using application examples with as
many as twenty-five variables.

1 Introduction

The integrals that appear in this paper are of particular interest to popula-
tion geneticists. Non standard probability distributions that describe complex
multivariate data often have intractable integration constants. The methods
proposed in this paper provide a numerical solution to one such problem. We
begin with a brief explanation of the population genetics problem that motivates
this work.

The genetic composition of a population can be described by listing the types
of genes (called alleles) present together with their frequencies. We use X to
denote a generic population and think of this as a list of pairs

{(A1, x1), (A2, x2), · · · , (An, xn)}
in which the alleles present are A1, A2, · · · , An with respective frequencies
x1, x2, · · · , xn with xi ≥ 0 and

∑n
i=1 xi = 1. A particular genetic trait usually

depends on a pair of genes (Ai, Aj), one on each chromosome that is called a
genotype. An individual is said to be a heterozygote if the genotype is made up
of two different alleles ((Ai, Aj) i 6= j) and is referred to as a homozygote if the
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genotype consists of two copies of the same allele ((Ai, Ai)). One model that is
of interest to population geneticist (Ewens (1979)) is called the neutral model.
Each individual has the same chance of producing offspring. However, some
produce more than others just by chance, this is called genetic drift. In this
model the observed genetic variability is due to random mutations and genetic
drift. The stationary probability distribution for the population frequencies
evolving under these forces follow a Dirichlet distribution which is proportional
to

xα1
1 · · ·xαn−1

n−1 xαn
n (1)

where
∑n

i=1 xi = 1 and α is related to the vector of mutation rates. An alterna-
tive model which gives some individuals a reproductive advantage over others is
called a model with selection. One form that is often considered is the selective
over dominance model. In this model a heterozygote has a selective advantage
over a homozygote. The probability of choosing a homozygote at random from
a population is given by F =

∑n
i=1 x2

i . F is called the homozygosity. The
heterozygote advantage model makes populations with high F values less likely
than those with low F values. This alters the neutral model and produces a
probability density that is proportional to

xα1
1 · · ·xαn−1

n−1 xαn
n e−σ(x2

1+...+x2
n−1+x2

n). (2)

where
∑n

i=1 xi = 1. However, to analyze data under the above model, one
must normalize the above so that it integrates to 1. Calculating the constant
of integration is not a trivial matter. See Donnelly, Nordbog and Joyce (2001)
and Speed and Grote (2002) for a more detailed description.

2 The Integral

Motivated by the discussion in the last section we consider a probability density
that is a product of Normal and Dirichlet densities in the (unnormalized) form

xα1
1 · · ·xαn−1

n−1 (1− x1 − . . .− xn−1)αne−σ(x2
1+...+x2

n−1+(1−x1−···−xn−1)
2). (3)

The variables x1, x2, . . . , xn−1, satisfy 0 ≤ x1 + x2 + . . . + xn−1 ≤ 1 with 0 ≤
xi ≤ 1, and the parameters σ, α1, α2, . . . , αn are model parameters, with σ ≥ 0
and αi > −1. The symmetric model has all αi = θ/n − 1, given a mutation
rate θ. In order to develop efficient simulation methods, moderately accurate
approximations for the normalization constant are needed. The rest of this
paper provides a method for this computation and illustrates the use of this
method with several examples.
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3 Computation of the Normalization Constant

The normalization constant for the distribution is given by

C(σ,α) =
∫ 1

0

xα1
1

∫ 1−x1

0

xα2
2 · · ·

∫ 1−x1−x2−...−xn−3

0

x
αn−2
n−2

∫ 1−x1−x2−...−xn−2

0

x
αn−1
n−1 (1− x1 − x2 − . . .− xn−1)αn

e−σ(x2
1+x2

2+...+x2
n−1+(1−x1−x2−···−xn−1)

2)dxn−1 · · · dx1.

The special structure of the integrand allows the computation C(σ,α) as a
sequence of one-dimensional integrals. In order to demonstrate this, the inner
exponential term is first separated into factors which are distributed to the
respective outer integrals, and C(σ,α) is rewritten as

C(σ, α) =
∫ 1

0

xα1
1 e−σx2

1

∫ 1−x1

0

xα2
2 e−σx2

2 · · ·
∫ 1−x1−x2−...−xn−3

0

x
αn−2
n−2 e−σx2

n−2

∫ 1−x1−x2−...−xn−2

0

x
αn−1
n−1 (1− x1 − x2 − . . .− xn−1)αn

e−σ(x2
n−1+(1−x1−x2−···−xn−1)

2)dxn−1 · · · dx1.

Letting y = 1− x1 − x2 − . . .− xn−2 and t = xn−1, the innermost integral can
be used to define

gn−1(y) =
∫ y

0

tαn−1(y − t)αne−σ(t2+(y−t)2)dt.

The outer integrals can now be recursively defined by the sequence of functions

gi(y) =
∫ y

0

tαie−σt2gi+1(y − t)dt,

for i = n− 2, n− 1, . . . , 1, ending with C(σ,α) = g1(1).
We now describe how an approximation to g1(1) can be computed using a

sequence of one-dimensional integral approximations. First define the points
yj = jh for j = 0, 1, . . . ,m, with h = 1/m, for an appropriately chosen mesh
parameter m. Then approximations for gn−1(yj), for j = 0, 1, . . . , m, can be
computed using some numerical integration method. The rest of the gi(y) func-
tions can be approximated at the yj values using trapezoidal rule approxima-
tions. The integrals for the gi(y) functions will have singularities at t = 0 when
the αi values are negative, so in these cases the standard composite trapezoidal
rule, which requires endpoint integrand values, cannot be used. However, these
singularities can be “subtracted out” (see Davis and Rabinowitz, 1984, p. 74)
if gi(y) is rewritten as

gi(y) =
∫ y

0

tαigi+1(y)dt +
∫ y

0

tαi(e−σt2gi+1(y − t)− gi+1(y))dt.
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The integrand for the second integral has value zero at t = 0, and the the first
integral can be evaluated analytically, so that trapezoidal approximations to
gi(y) are given by

gi(yj) ≈ yαi+1
j gi+1(yj)/(αi + 1)

+ h

j−1∑

k=1

yαi

k (e−σy2
kgi+1(yj−k)− gi+1(yj))

− hyαi
j gi+1(yj)/2.

The relation yj − yk = yj−k has been used to simplify the gi+1 arguments, and
the last term for the trapezoidal rule approximation, with weight h/2, has been
simplified using gi(0) = 0.

An additional problem occurs with the gn−1(y) integrals, which have singu-
larities at both integration interval endpoints, and both singularities need to be
subtracted out if a trapezoidal rule approximation is used. But the integrands
for gn−1(y) integrals do not depend on other g values, so the gn−1(y) integrals
can be approximated with some other type of integration rule which does not
use the endpoint values at 0 and y, However, ignoring the endpoint singularities
can slow the convergence for other integration rules, so subtracting out both
singularities is important for accurate computations. This can be done by split-
ting the [0, y] integration intervals at y

2 and subtracting out each singularity
separately. Then

gn+1(y) = yαne−σy2
∫ y

2

0

tαn−1dt

+
∫ y

2

0

tαn−1((y − t)αne−σ(t2+(y−t)2) − yαne−σy2
)dt

+ yαn−1e−σy2
∫ y

y
2

(y − t)αndt

+
∫ y

y
2

(y − t)αn(tαn−1e−σ(t2+(y−t)2) − yαn−1e−σy2
)dt.

Combining the analytic expressions for the first and third integrals gives

gn+1(y) =
yαne−σy2

αn−1 + 1
(
y

2
)αn−1+1 +

yαn−1e−σy2

αn + 1
(
y

2
)αn+1

+
∫ y

2

0

tαn−1((y − t)αne−σ(t2+(y−t)2) − yαne−σy2
)dt

+
∫ y

y
2

(y − t)αn(tαn−1e−σ(t2+(y−t)2) − yαn−1e−σy2
)dt.

Now, neither of the two integrals in this expression for gn+1(y) have endpoint
singularities.
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The total computation for an approximation to C(σ,α) requires the com-
putation of m approximate gi(y) values for i = n− 1, n− 2, . . . , 2. If i < n− 1,
an approximate gi(yj) requires a sum with j + 1 terms, so the time complexity
for the m approximate gi(yj) values at y1, y2, . . . , ym is O(m2). If i = n− 1, an
approximate value gn−1(yj) requires a constant amount of time that will depend
on the integration method used. If a composite integration rule is used with
m subintervals, then the time complexity for m approximate gn−1(y) values is
also O(m2). Only one sum is needed to compute the final g1(1) ≈ C(σ,α).
Therefore, O(nm2) is the overall time complexity for an approximate C(σ, α)
with mesh parameter m; such an approximation will be denoted by Cm(σ,α).

4 Examples

This section provides results for some numerical examples. For all examples a
composite 3-point Gauss rule was used for the gn−1(yj) integrals. The first ex-
ample involves the computation of Cm(10, α) approximations with all αi = 0.6
and n = 5 (θ = 8). The Cm(10, (.6, .6, .6, .6, .6)) approximations for m = 2j ,
with j = 4, 5, . . . , 11 are given in column two of Table 3.1. In this case the
Cm(10, α) approximations converge fairly rapidly, but we have included results
from extrapolations using the ε−algorithm in other columns the Table 3.1 (and
the other Tables in this paper). The ε−algorithm is a non-linear extrapolation
algorithm that can be used to accelerate the convergence of sequences of approx-
imations to integrals where the error expansion can be expressed as a series in
non-integer powers of the mesh size h (see Davis and Rabinowitz, 1984, p. 44).
This kind of error expansion is expected for the Cm(σ, α) approximations. The
C2i(σ, α) approximations in Tables in this paper correspond to the ε

(i−3)
0 entries

in the ε−array. The other columns in the Tables correspond to even columns in
the ε−array, which should converge more rapidly to the exact C(σ,α) values.

Table 3.1: Cm(10, (.6, .6, .6, .6, .6)) Approximations (scaled by 10−6)
m Cm(10, (.6, .6, .6, .6, .6))/10−6 ε-Algorithm Extrapolations
16 7.20056688
32 7.23657702
64 7.24560633 7.24862805

128 7.24785459 7.24859999
256 7.24841435 7.24859993 7.24859993
512 7.24855386 7.24860017 7.24859998

1024 7.24858866 7.24860022 7.24860024 7.24860024
2048 7.24859734 7.24860023 7.24860024 7.24860024
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Similar results were obtained with approximations to Cm(100, (.6, .6, .6, .6, .6)).
These results are given in Table 3.2.

Table 3.2: Cm(100, (.6, .6, .6, .6, .6)) Approximations (scaled by 10−15)
m Cm(100, (.6, .6, .6, .6, .6))/10−15 ε-Algorithm Extrapolations
16 6.15340852
32 6.12202139
64 6.12232503 6.12232212

128 6.12238189 6.12239499
256 6.12239343 6.12239637 6.12239637
512 6.12239593 6.12239661 6.12239666

1024 6.12239649 6.12239665 6.12239666 6.12239666
2048 6.12239662 6.12239666 6.12239666 6.12239666

If the number of dimensions n if increased to 25, then convergence is slower
but it is still possible to compute accurate C(σ,α) approximations when all
αi = .6 (θ = 40). Tables 3.3 and 3.4 provide Cm(σ, (.6, .6, . . . , .6)) results for
σ = 10 and σ = 100.

Table 3.3: Cm(10, (.6, . . . , .6)) Approximations (n = 25, scaled by 10−48)
m Cm(10, (.6, . . . , .6))/10−48 ε-Algorithm Extrapolations
16 11.46322096
32 1.86022753
64 1.51656180 1.50380644

128 1.53391885 1.53308437
256 1.55299626 1.34144327 1.58036618
512 1.56002792 1.56413262 1.56301635

1024 1.56213836 1.56304341 1.56293184 1.56293139
2048 1.56272206 1.56294523 1.56293150 1.56293150

Table 3.4: Cm(100, (.6, . . . , .6)) Approximations (n = 25, scaled by 10−49)
m Cm(100, (.6, . . . , .6))/10−49 ε-Algorithm Extrapolations
16 10.41351575
32 6.16118800
64 6.29131117 6.28744757

128 6.52903140 6.00382274
256 6.62218081 6.68219719 6.66107074
512 6.65074638 6.66338164 6.66140404

1024 6.65872133 6.66181003 6.66159232 6.6618459
2048 6.66084902 6.66162325 6.66615939 6.6615939

If αi = −.8 (with n = 25 and θ = 5) values are used, then conver-
gence is much slower, and it is only possible to compute moderately accurate
C(σ, α) approximations if m ≤ 2048 is used. Tables 3.5 and 3.6 provide some
Cm(σ, (−.8, . . . , . − .8)) results for σ = 10 and σ = 100. In order to provide
some additional accuracy, the approximations C4096(100, (−.8, . . . , . − .8)) and
C8192(100, (−.8, . . . , .− .8)) were also computed.
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Table 3.5: Cm(10, (−.8, . . . ,−.8)) Approximations (n = 25, scaled by 1014)
m Cm(10, (−.8, . . . ,−.8))/1014 ε-Algorithm Extrapolations
16 1.41269789
32 1.62941995
64 1.80909980 2.68066907

128 1.95354226 2.54562982
256 2.06690835 2.48046601 2.39372269
512 2.15458065 2.45373591 2.43088070

1024 2.22180990 2.44290087 2.43461435 2.4354106
2048 2.27311624 2.43843395 2.43509486 2.4351822

Table 3.6: Cm(100, (−.8, . . . ,−.8)) Approximations (n = 25, scaled by 109)
m Cm(10, (−.8, . . . ,−.8))/109 ε-Algorithm Extrapolations
16 0.762206
32 1.638098
64 2.309201 4.508436

128 2.722694 3.386395
256 2.962645 3.294420 3.275934
512 3.103975 3.306507 3.304908

1024 3.191264 3.332258 3.282110 3.363826
2048 3.248227 3.355224 3.442268 3.391752
4096 3.287248 3.372104 3.401102 3.395639 3.396089
8192 3.314973 3.383028 3.396871 3.395845 3.395858
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