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Abstract. To detect achangein the variance of
unequally spaced time series, unobservable
errorsin the data are modeled by the Ornstein-
Uhlenbeck process. By employing the
likelihood ratio test, a statistical method is
proposed for testing the change-point. The
exposure data collected at Lackland Air Force
Base from an asbestos-removal team of five
workersisused to illustrate the proposed test.

Introduction. A detection of possible changes
in the variance of time series has many practical
applications. Much work had been done when
time series are equally spaced. For example, it
has been noticed that the logarithm of the price
relatives of daily stock price dataisstatrionary in
mean, but not in variance [Hsu (1977) and
Wichern, et al (1976)]. Inastudy of threework-
shifts on the worker’ s mental performance, Lee
(1995) built avariance-changemodel for the data
set. For other related works, see Hsu, et &
(1974), Hsu (1979, 1982), Picard (1985), and
Tsay (1988). However, no work was ever done
on the detection of a change in the variance of
unequally spaced time series.

Itisthe aim of this paper to propose a
statistical method for detecting a change in the
variance of unequally spaced longitudinal data
based upon the likelihood ratio test.

Change-point Hypothesis. Let y(t) bethe
longitudinal data observed at the time points
t,<t,<... <t, satisfying the following model
y(t) = m+e(),i =12,...,n, (D)

and unobservable errors e(t) are modeled by the
Ornstein-Uhlenbeck process given as follows:

de(t) +ge(t)dt = sdW(t), (2)
where mis assumed to be known, g> 0, s > 0,
and W(t) is the Brownian motion or Wiener
process (Arnold 1974). Since the proposed test
islocation invariant, mis assumed to be zero.

To detect achangein thevariance of y(t;), i =
1,2,...,n,isequivaent to test the following
hypotheses:

Ho: Var(y(t) | y(.1) = W ..... n,
3)

Versus

Hi:

Var(y(t) | y(ti-p) ={" 5~ L= == o

Where ¢, ¢ ,s8,57 1 s 3 and k are unknown

parameters to be estimated, and f; (g) isgiven

by

fi(9) = exp(- oY) . (%)
and

Dt =t - ti.q. (6)

2 2
Incidentally, Var(y(ty)) equals % and =L in
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(3) and (4), respectively. Also, the unknown
parameter k in (4) is called the change-point for
the variance-change model.

Likelihood Ratio Test. Under Hy, the
logarithmic likelihood of y(t,), y(t,),..., y(t,) can
be shown to be given by (Robi nson 1977)

|n|—o(goso)‘-—|n(pso) > 81n(1- £ 2(go))

90 i=2
n
- 905 SOUDY) (7)
5§ i=21-12(go)

where f; (9) isgiven by (5), and S(g D) is

given by

S(g: D) =[y(t) - fi @)y (- DI - ®
By conditioning on that k is given, the

logarithmic likelihood of y(t,), y(ty),..., Y(t.)
under H, isgiven by

LG S1s2K)=- 22 - —ln(sl)
Vool
sfL-f2g)l, 10, s3M-f2(g)
In( =21 =1 In(=2— =12
2|:2n( 291 ) 2|:kn( 2 )
{[y(t)] +a S(91Dt) O 2 S(91'1)

t2@) s i=k1- 1@

(9)



Let go,S o, S1.52,and g; givenby (A.1-2,
4-6) in the Appendix, denote the maximum
likelihood estimator of the parametersg,, S, S1,
S,, and g, respectively. Thus, the generalized
likelihood ratio test for k under Hy against H, is
then given, asfollows:

L L
- 2= -2In—==713, 10
" Ll(k)] 2£nk]gxn-1{ " Ll(k)]} (10)

where Ll ° Lo(o.S o), and
Ly(K) © Ly(G1.8 1.8 2.k) . Asusual, the asymptotic

sampling distribution of kis approximately a
chi-square distribution with one degree of
freedom.

Application. Two examples are shown to
illustrate the proposed test for detecting the
change-point in the variance-change model.

Example 1. The asbestos exposure data
collected from ateam of five workersis used to
illustrate the proposed test. Thisteam was
charged to remove the asbestos from atwo-story
building which was previously used asaclinic at
Lackland Air Force Base. The dataaregivenin
Table 1. Sincetheratio of the largest datato the
smallest one for all workersis of the order of
magnitude two or higher, we assume that the
datafollows alognormal distribution. Further,
those datawith an asterisk in Table 1 are the
overloaded data. Sincethereisno way to
measure the correct level from the overloaded
data, a conservative estimate was given by an Air
Force bioenvironmental engineer as5 fibers/cm®.
Compared with other datain Table 1, this
observation, 5 fibers/em®, can be viewed asan
outlier.

After taking the logarithm of the datain Table
1 for each worker, we first removing the sample
mean from the data set by using the result of
detecting change in the mean of these unequally
spaced longitudinal data (Lee 1998). Then, we
applied the bisection method (Press, et al 1992)
to (A.2) in the Appendix in obtaining g after
substituting (A.1) into (A.2) and then substitute
goback into (A.1) tofind S . Similarly, we
first substitute (A.4) and (A.5) into (A.6) in the
Appendix and then applied the bisection method
to (A.6) in obtaining g;. After obtaining g;, we

substitute it into (A.4) and (A.5) tofind s'; and

S 5, respectively. The estimate k for the

change-point k is thus obtained from the
likelihood ratio test of (10) for all workers.

Tables 2(a) and 2(b) are obtained, respectively,
with and without including the outliersin the

Table 1. The daily asbestos exposure levels
(fibers/cm®) for five workers.

Date (t;) Worker
A B [ D E

5991 (1) .019 027 004
5-10-91 (2) 015 .008
51391 (5) .009 .006 .006
5-14-91 (6) Wet? 1102 02 1%
51591 (7) 1915 | Wet 5.0¢
5-21-91 (13) 071 5.0¢
5-24-91 (16) .03 053
5-28-91 (20) 035 027 | 50*
5-30-91 (22) .069 .264
6-18-91 (41) .005 003 | .003
6-20-91 (43) 006 | .004 | .008
6-21-91 (44) 014 | Wet
7-16-91 (69) 043 | o4
7-17-91 (70) 025 5.0*
7-18-91 (71) 5.0¢
7-19-91 (72) .008 Wet 5.0¢
7-22-91 (75) 5.0¢ 006 | 50*
7-23-91 (76) 5.0 5.0 001
7-24-91 (77) 015
7-25-91(78) 009 | .018
8-14-91 (98) .05
8-15-91 (99) 031 .081 oA 121
8-16-91 (100) 142 004
8-19-91 (103) 054 .059
8-21-91 (105) 118 1069 133 [ 114
8-22-91 (106) .002 1
8-23-91 (107) A11 002

& Wet means that the filter cassette was wet and
torn apart.

calculation. Since the values of

- 2|n[w] inthelast row of Table
L1(91,51,8 2,K)
2(a) for Worker E is greater than the critical

vaueof ¢ .%5 (2) =5.99 (Hogg and Tanis 1997),
the null hypothesisH, isrejected for Worker E at
the 5% level of significance. Indeed, the
variance of the logarithm of the daily asbestos
exposure for Worker E has changed from 21.8

(=$2=4.67% 10100 (= S 5 = 10’ when k=6,
ort; =13 (Table 2(a)). After outliersare

removed from the data set, thenull hypothesisH,
isthen shown to be not rejected for al workers,
namely, the variance of thelogarithm of the daily
asbestos exposure is constant and has not
changed during the asbestos removal period
because dl of their values of

- 2In[%]inthelastrow of Table
L1(91,51,8 2, k)




2(b) are less than the critical value of

c%5 (2) =5.99. Thisshowsthat the likelihood
ratio test of (10) isnot robust against outliers.

Example 2. Thisexampleisthe sameas
Example 1in Lee(1995). Theoriginal datacan
be found in Table 16.3 of Mansfield (1994),
p.659. The data are equally spaced time series.
Nevertheless, we apply the proposed test of (10)
to detect the change-point in the variance to see
whether it works for the equally spaced time

series. A change-point k = 20 was found to be
significant with the likelihood ratio being

Table 2. Summary statistics for five workers:

(a) Outliersareincluded in calculation.

Worker
A B C D E
n (sample size) 11 11 14 10 16
3 014 | 125 79 0.23 76
9o
S 0 073 | 339 | 100 | 062 85
1 014 | 037 78 044 80
$ 1 039 | 251 | 539 | 091 | 467
S 2 099 | 647 | 123 | 035 100
~ 7 10 7 9 6
k
I: 460 | 104 | 395 | 156 103
0
-2 |n(,\—)
Ly

(b) Outliersare not included in calculation.

Worker
A B C D E
n (sample size) 10 10 12 - 10
do 0.12 79 228 - 42
S 0 046 | 499 | 326 - 2.96
1 0.14 7.7 6.0 - 7.3
$ 1 022 | 172 | 283 - 1.09
S 2 051 | 621 | 689 - 460
~ 3 5 7 4
k
|: 142 5.68 421 - 534
- 2In(=2)
Ly

- 2in—00:50) 1108 Thisresitis
L1(91,5 1,5 2,K)

the same as the one obtained in Mai (1999), p.

15. Thisshowsthat the proposed test can also be

applied to for the equally spaced time series.

Concluding Remarks. Based upon the
likelihood ratio test, a statistical method for
detecting a change in the variance of unequally
spaced time seriesis presented. From an
application to the asbestos exposure data of five
workers, it seems that the proposed method
worksvery well. Nevertheless, it can been seen
from the illustrative example that the proposed
test isnot robust. Thisisattributed to the
inherent property of the likelihood ratio test.
Dueto that the sample sizeisusualy small in
practical applications, it isdesirable that afinite

sampling distribution of k isto be worked ou.

Acknowledgements. The asbestos exposure
data of Table 1 were provided by Lt. Mareno-
Ferguson while the author was appointed as a
Summer Faculty Research Fellow during the
summer of 1995 to work in the Occupational and
Environmental Medicine Division, Armstrong
Laboratory at Brooks AFB, San Antonio, Texas.
Maple and SY STAT were used to facilitate
numerical calculation and data anaysis,
respectively.

Appendix. Fromthe equation of Tin '50 =0, we
s o
have
2 2 N S(gg: D
5§ =20py2) + g AP, (A1)
i=21- fi%(90)

where S(gq; Dt;) and f; (g) are given by (6) and

(7), respectively.

From the equation of % =0, g, satisfiesthe
9%

following equation:

n n
0=+ & fole0DN) - —{y°(W+ A 11goDy*(6)
0 i=2 ) i=2
+ 12(00:D6)y(t)y(ti-D) + f3(00: Dti- Y- D1}
(A.2)

wheref; ,i =0, 1, 2, 3, are given, respectively,
by

5.2
fol:Dy) = 2 L0 'z(g) , (A.39)
1-fi%(9)
_ 2
fygipy) = AT 2NCE), (A.30)
[1- fi"(9)]
. 2 .
oDy = 2L+ 2PN Q)+ -
[1- £ @)]
(A.3c)



and
f2(9)[1- 20D - (1+20D%)f 2(g)]

f3(g; DY) =
' [L- (@)
(A.3d)
Similarly, we have from Tin '51 :&'2-1:0
Tsi s 2
2 2 k-15(gy; Dt
5P =21y + & DY, (A4)
k-1 i=21- f{°(gy)
$2= 201 1 S(1:D%) (A5)

n-k+lisk- £ £(g1)
and ¢ satisfies the following equation:

n N -
0=—- & fo(op; DY) - 512{y2(t1)+
2 =2

K-
& 10(03 DY) + 2050)Y(0) Y00+

v 20 -2, B 2
f3(90: D)y (- DI} - s 2 [_akfl(gl,Dh)y (%)
i=

+ Ta(QiD) Y(t ) V(1) + fa(gu:D. DY (t. o]

(A.6)
wheref; ,i =0, 1, 2, 3, are given, respectively,
by (A3ad).
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